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Preface

We have tried to make this edition of Trigonometry useful to students in a
variety of programs. For example, students who have encountered elements of
triangle trig in previous courses may be able to skip all or part of Chapters
1 through 3. Students preparing for technical courses may not need much of
the material after Chapter 6 or 7. Chapters 9 and 10 cover vectors and polar
coordinates, optional topics that occur in some trigonometry courses but are
often reserved for precalculus.

There are many reasons why students might find trigonometry difficult,
among them:

e The subject inherently involves a great deal of technical detail, which can
be allowed to obscure the main ideas.

e The subject is often taught with the analytical rigor appropriate to a
precalculus course -- before students have acquired the necessary facility
with functions.

In his beautiful book, Trigonometric Delights, Eli Maor enjoins us "Let’s not
forget that trigonometry is, first and foremost, a practical discipline, born out
of and deeply rooted in applications.” After the New Math "[f]Jormal definitions
and legalistic verbosity—all in the name of mathematical rigor—replaced a real
understanding of the subject." And formalism is "... certainly not the best way
to motivate the beginning student."

The typical trigonometry student has just completed a second course in
algebra. He or she has a nodding acquaintance with functions and is still
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very wary of irrational numbers. A statement such as "sin — may

well be greeted with panic and bewilderment. So we do not begin with a
preliminary chapter covering all the mathematical topics needed for the rest of
the course, including elements of analytic geometry and properties of functions
such as domain and range, symmetry, transformations, composition, and inverse
functions. (This material usually comprises most of a precalculus course, which
is usually taught after trigonometry, where it is introduced using more familiar,
hence easier, functions as examples.)

Nor do we begin with a chapter about angles, including coterminal and
reference angles, converting degrees to minutes and seconds, radians, arc length,
and angular velocity, before the trig ratios are even mentioned. We have tried
to address these issues as follows:

e Chapter 1 reviews only the most basic facts about triangles and circles
that students will need to begin their study of trigonometry, and may be
omitted or assigned as homework. Other facts about functions and angles
are introduced when they are needed. For example, minutes and seconds
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are discussed in the context of parallax in the section on Law of Sines in
Chapter 3. Nautical bearings occur in Section 4.1, Angles and Rotation.

o Chapter 2 introduces the three (not six) basic trig ratios, and considers
angles in the first quadrant only. We believe this initial simplicity allows
students to focus on the fundamental concepts without simultaneously
trying to master a welter of peripheral detail.

e In Chapter 3 we introduce reference angles for the second quadrant
in order to study obtuse triangles and the Laws of Sines and Cosines.
Reference angles are covered again in more generality in Chapter 4.

o Chapter 4 considers angles as rotations in preparation for the graphs of
sine and cosine. Note that the applications of periodic functions in this
chapter are functions of degrees only, to fit with our approach: radians
come later, after students have some experience with sinusoidal graphs.

o Chapter 5 begins with a section on algebraic manipulations with trig
ratios, a skill that is often neglected but can engender endless confusion
for students. This chapter treats only simple equations and identities;
more equations and identities appear in Chapters 7 and 8. We solve
equations both graphically and analytically, and we use graphs as well as
algebra to verify trigonometric identities.

e Chapter 6 introduces radians and the circular functions of real numbers.
Most of this chapter and Chapter 7 revisit basic skills such as analyzing
graphs and solving equations, but working now in radians rather than
degrees.

e Chapter 8 studies identities and their use in more detail, including the
sum and difference formulas and the double angle identities. Inverse trig
functions are included here, and are the three reciprocal trig functions.

e Chapters 9 and 10 cover ancillary topics; typical trigonometry courses
may include one or more of these topics: vectors, polar coordinates, and
complex numbers.

In addition to the Homework Problems, each Example in the book is followed
by a similar Exercise for students to test their understanding. Each Section
concludes with a Summary , a set of Study Questions, and a list of Skills to
be addressed in the Homework. A Summary and a set of Review Problems
follows each chapter. Chapters 1 through 8 include Activities for students to
work through some of the main ideas. We have described the use of a graphing
calculator, but other graphing utilities can easily be substituted.

Throughout we have been guided by the Rule of Four and use tables
and graphical representation to illustrate concepts. We have taken care to
include numerical examples and diagrams, both in Examples and in Homework
Problems, to offer students some intuitive understanding for the more abstract
ideas of trigonometry. Above all, we have tried to focus on the fundamental ideas
of trigonometry by introducing them in their most basic form and returning
later to look at them in greater detail.

Katherine Yoshiwara
Atascadero, CA 2018
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Chapter 1

Triangles and Circles

¢ Angles and Triangles
e Similar Triangles

« Circles

Circles and triangles are the simplest geometric figures. A circle is the
simplest sort of curve, and a triangle is the simplest polygon -- the one with
the fewest sides. Each has properties that makes it useful in many fields of
endeavor. A triangle is the most stable of polygons, because once its sides are
fixed in length, its angles cannot change. A triangular truss bridge is a stable
structure. A three-legged stool will not wobble.

A circle encloses more area then any other figure of the same length, or
perimeter, and a sphere encloses more space. A geodesic dome is a portion of a
sphere constructed with triangles. It has been called "the strongest, lightest
and most efficient means of enclosing space known to man.”

Geodesic domes may also help us learn how to live on another planet. In
2017, the United Arab Emirates began construction on Mars Science City, a
series of interconnecting geodesic domes designed to be a realistic model for
living on Mars. The city will cover 1.9 million square feet, and its walls will be
3D-printed using sand from the desert.
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The city will contain laboratories to address food, sustainability, and energy
issues all over the world. Finally, the project will implement an experiment
wherein a team will spend a year living in the simulated planet for a year.

b S Pad
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Activity 1.1 Properties of Triangles.

Materials: You will need paper and pencil, scissors, a ruler and compass,
and two plastic straws.

Prepare: Cut the straw into pieces of lengths 2 inches, 3 inches, and 6 inches.
Use the ruler to draw a large triangle, and cut it out.

A What do we know about the sides of a triangle?

1 a Can you make a triangle with sides of length 2 inches, 3 inches,
and 6 inches?

b Use the pieces of length 2 inches and 3 inches to form two sides
of a triangle. What happens to the length of the third side as
you increase the angle between the first two sides?

¢ What is the longest that the third side could be? What is the
smallest?

2 Two sides of a triangle are 6 centimeters and 8 centimeters long.
What are the possible lengths of the third side?

3 Two sides of a triangle are p units and ¢ units long. What are the
possible lengths of the third side?

B What do we know about the angles of a triangle?

1 Use a protractor to measure the three angles of the paper triangle
in degrees. Now add up the three angles. What is their sum?

2 Tear off the three corners of the triangle. Place them side-by-side
with their vertices (tips) at the same point. What do you find?
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3 How are your answers to parts (1) and (2) related?
C How are the sides and angles of a triangle related?

1 A standard way to label a triangle is to call the angles A, B, and C.
The side opposite angle A is called a, the side opposite angle B is
called b, and the side opposite angle C' is called c¢. Sketch a triangle
and label it with standard notation.

2 Using a ruler, carefully draw a triangle and label it with standard
notation so that a > b > ¢. Now use a protractor to measure the
angles and list them in order from largest to smallest. What do you
observe?

3 Using a ruler, carefully draw another triangle and label it with
standard notation so that A > B > C. Now use a ruler to measure
the sides and list them in order from largest to smallest. What do
you observe?

D What do we know about right triangles?

1 The side opposite the 90° angle in a right triangle is called the
hypotenuse. Why is the hypotenuse always the longest side of a
right triangle?

2 The Pythagorean theorem states that:

IF: a, b, and c are the sides of a right triangle, and c is the
hypotenuse
THEN: a?+b*=¢?

The "if" part of the theorem is called the hypothesis, and the "then'
part is called the conclusion. The converse of a theorem is the
new statement you obtain when you interchange the hypothesis and
the conclusion. Write the converse of the Pythagorean theorem.

3 The converse of the Pythagorean theorem is also true. Use the
converse to decide whether each of the following triangles is a right
triangle. Support your conclusions with calculations.

aa=9, b=16, c=25

ba=12, b=16, ¢=20

ca=+8, b:\/g, c=+/13
V3 1

= — = — :1
da 27b 2,0

1.1 Angles and Triangles

Historically, trigonometry began as the study of triangles and their properties.
Let’s review some definitions and facts from geometry.

e We measure angles in degrees.
¢ One full rotation is 360°, as shown below.
o Half a full rotation is 180° and is called a straight angle.

e One quarter of a full rotation is 90° and is called a right angle.
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90° 180 270°

m > ® >
S 360°

A

Triangles

If you tear off the corners of any triangle and line them up, as shown below,
they will always form a straight angle.

[ RN

xZ z xr -~

Sum of angles in a triangle.

1. The sum of the angles in a triangle is 180°.

Example 1.1

Two of the angles in the triangle at right are
25° and 115°. Find the third angle.

Solution. To find the third angle, we write an equation.

425+ 115 =180 Simpify the left side.
x + 140 = 180 Subtract 140 from both sides.
z =40
The third angle is 40°. ]

Checkpoint 1.2

Find each of the angles in the triangle at right.

Answer. x=39°, 2z =78 2z-—15=063°
Some special categories of triangles are particularly useful. Most important
of these are the right triangles.

Right triangle.

2. A right triangle has one angle of 90°.

Example 1.3
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One of the smaller angles of a right tri- 34

angle is 34°. What is the third angle?

T

Solution. The sum of the two smaller angles in a right triangle is 90°. So

434 =90 Subtract 34 from both sides.
z =56
The unknown angle must be 56°. ]

Checkpoint 1.4 Two angles of a triangle are 35° and 45°. Can it be a right
triangle?
Answer. No

An equilateral triangle has all three sides the same length.

Angles of equilateral triangle.

3. All of the angles of an equilateral triangle are equal.

Example 1.5

All three sides of a triangle are 4 feet long. Find
the angles.

Solution. The triangle is equilateral, so all of its angles are equal. Thus

3z = 180 Divide both sides by 3.
z =60
Each of the angles is 60°. |

Checkpoint 1.6

Find z, y, and z in the triangle at right.

Answer. x=60°, y=28, 2 =8
An isosceles triangle has two sides of equal length. The angle between the
equal sides is the vertex angle. The other two angles are the base angles.

Base angles of an isosceles triangle.

4. The base angles of an isosceles triangle are equal.
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Example 1.7

12 x 12

Find x and y in the triangle at right. 385
Y

Solution. The triangle is isosceles, so the base angles are equal. Therefore,
y = 38°. To find the vertex angle, we solve

x+ 38+ 38 =180

x+ 76 = 180 Subtract 76 from both sides.
r = 104
The vertex angle is 104°. O

Checkpoint 1.8

Find = and y in the figure at right. 50° 20

Answer. = =140° y=29

Angles

In addition to the facts about triangles reviewed above, there are several useful
properties of angles.

e Two angles that add to 180° are called supplementary.
e Two angles that add to 90° are called complementary.
e Angles between 0° and 90° are called acute.

e Angles between 90° and 180° are called obtuse.

‘supplementary angles complementary To\ngles acute angle obtuse angle
Example 1.9
In the figure at right, c
e LAOC and ZBOC are supplementary. | o .
e /DOF and ZBOE are complementary. j\ .
e /AOC is obtuse, b

e and ZBOC is acute.
O
In trigonometry we often use lower-case Greek letters to represent unknown
angles (or, more specifically, the measure of the angle in degrees). In the next
exercise, we use the Greek letters « (alpha), 8 (beta), and v (gamma).

Checkpoint 1.10 In the figure, «, £, and v denote the measures of the angles
in degrees.
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a Find the measure of angle «.

b Find the measure of angle .

Q
ot
=

[e]

¢ Find the measure of angle ~. 3

d What do you notice about the measures
of the angles?

Answer. o =130°, 8 =50° - = 130°. The non-adjacent angles are equal.

Non-adjacent angles formed by the intersection of two straight lines are
called vertical angles. In the previous exercise, the angles labeled a and ~
are vertical angles, as are the angles labeled § and 50°.

Vertical Angles.

5. Vertical angles are equal.

Example 1.11

Explain why a = 8 in the triangle at right.

Solution. Because they are the base angles of an isosceles triangle, 6 (theta)
and ¢ (phi) are equal. Also, & = 6 because they are vertical angles, and similarly
B = ¢. Therefore, a = [ because they are equal to equal quantities. O

Checkpoint 1.12

Find all the unknown angles in the figure

at right. (You will find a list of all the 3 TN 1150
Greek letters and their names at the end 40°  §

of this section.) al”

Answer. o =40°, §=140°, v=175°4§ = 65°

A line that intersects two parallel lines forms eight angles, as shown in the
figure below. There are four pairs of vertical angles, and four pairs of corre-
sponding angles, or angles in the same position relative to the transversal on
each of the parallel lines.

For example, the angles labeled 1 and 5 are 1 /2
corresponding angles, as are the angles labeled 3/4
4 and 8. Finally, angles 3 and 6 are called

alternate interior angles, and so are angles 5/6
4 and 5. 7 8

Y

Paralles lines cut by a transversal.

6. If parallel lines are intersected by a transversal, the alternate
interior angles are equal. Corresponding angles are also equal.

Example 1.13



CHAPTER 1. TRIANGLES AND CIRCLES 8

The parallelogram ABCD shown at right B/ vy / ¢
is formed by the intersection of two sets of 2 /6 3/5
parallel lines. Show that the opposite angles 1 4

of the parallelogram are equal. a1 / rr / )

Solution. Angles 1 and 2 are equal because they are alternate interior angles,
and angles 2 and 3 are equal because they are corresponding angles. Therefore
angles 1 and 3, the opposite angles of the parallelogram, are equal. Similarly,
you can show that angles 4, 5, and 6 are equal. O

Checkpoint 1.14 Show that the adjacent angles of a parallelogram are sup-
plementary. (You can use angles 1 and 4 in the parallelogram of the previous
example.)

Answer. Note that angles 2 and 6 are supplementary because they form a
straight angle. Angle 1 equals angle 2 because they are alternate interior angles,
and similarly angle 4 equals angle 5. Angle 5 equals angle 6 because they are
corresponding angles. Thus, angle 4 equals angle 6, and angle 1 equals angle 2.
So angles 4 and 1 are supplementary because 2 and 6 are.

Note 1.15 In the Section 1.1 Summary, you will find a list of vocabulary words
and a summary of the facts from geometry that we reviewed in this section.
You will also find a set of study questions to test your understanding, and a
list of skills to practice in the homework problems.

Table 1.16 Lower Case Letters in the Greek Alphabet

Greek Alphabet
« alpha | 8 beta v gamma
0 delta € epsilon | ( zeta
n eta 0  theta L iota
k kappa | A lambda | g mu
v nu & xi 0 omicron
T pi p tho o sigma
T tau v upsilon | ¢ phi
x chi ¥ psi w omega

Review the following skills you will need for this section.
Algebra Refresher 1.2

Solve the equation.

l.z—-8=19—-2z 2.2 —-9=12—-=x

3. 13z +5 =22 —28 4. 9492 =-T+z

Solve the system.

5. br — 2y = —13 6. dx+3y =9
204+ 3y =-9 3 +2y =8

Algebra Refresher Answers
19 3 -3 5x=-3y=-1
27 4 -2 6 x=6,y=-5
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Section 1.1 Summary

Vocabulary
o Right angle o Complementary
e Straight angle e Acute

o Right triangle e Obtuse

o Equilateral triangle
e Vertical angles
o Isosceles triangle

e Transversal
o Vertex angle

« Base angle o Corresponding angles

¢ Supplementary o Alternate interior angles

Concepts

Facts from Geometry.

The sum of the angles in a triangle is 180°.
A right triangle has one angle of 90°.
All of the angles of an equilateral triangle are equal.
The base angles of an isosceles triangle are equal.
Vertical angles are equal.
6. If parallel lines are intersected by a transversal, the alternate
interior angles are equal. Corresponding angles are also equal.

CU W=

Study Questions

1 Is it possible to have more than one obtuse angle in a triangle? Why or
why not?

2 Draw any quadrilateral (a four-sided polygon) and divide it into two
triangles by connecting two opposite vertices by a diagonal. What is the
sum of the angles in your quadrilateral?

3 What is the difference between a vertex angle and vertical angles?
4 Can two acute angles be supplementary?

5 Choose any two of the eight angles formed by a pair of parallel lines cut
by a transversal. Those two angles are either equal or

Skills
Practice each skill in the Homework Problems listed.
1 Sketch a triangle with given properties #1-6
2 Find an unknown angle in a triangle #7-12, 17-20
3 Find angles formed by parallel lines and a transversal #13-16, 35-44
4 Find exterior angles of a triangle #21-24
5 Find angles in isosceles, equilateral, and right triangles #25-34

6 State reasons for conclusions #4548
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Homework 1.1

Exercise Group. For Problems 1-6, sketch and label a triangle with the
given properties.

1.
2.

STk W

An isosceles triangle with vertex angle 30°

A scalene triangle with one obtuse angle (Scalene means three unequal
sides.)

A right triangle with legs 4 and 7
An isosceles right triangle
An isosceles triangle with one obtuse angle

A right triangle with one angle 20°

Exercise Group. For Problems 7-20, find each unknown angle.

7.

11.

13.

15.

17.

19.

8.

1 o
48 131.6° !
9 [
(]

10.

12.
10 ﬁ
|
10
14.
. 12°
a
16.
0 .
1150;2
—)_
18.
82°
l“ﬂ
20.

58° /N1

Exercise Group. In Problems 21 and 22, the angle labeled ¢ is called an



CHAPTER 1. TRIANGLES AND CIRCLES 11

exterior angle of the triangle, formed by one side and the extension of an
adjacent side. Find ¢.
21. 22.

é A 110
| N
140° ¢

23. In parts (a) and (b), find the exterior angle ¢.

for ¢.
a /\<\
b 110° é d Use your answer to part (c)
50 to write a rule for finding an
¢ Find an algebraic expression exterior angle of a triangle.

24.

Find the three exterior angles of
a the triangle. What is the sum of
the exterior angles?

Write an algebraic expression for
b each exterior angle in terms of one
of the angles of the triangle. What
is the sum of the exterior angles?

Exercise Group. In Problems 25 and 26, the figures inscribed are regular
polygons, which means that all their sides are the same length, and all the
angles have the same measure. Find the angles 6 and ¢.

25. 26.

Exercise Group. In problems 27 and 28, AABC is equilateral. Find the
unknown angles.

27. 28.

29.
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A
30.
Find a and g.
31.
a
B
AN
c
32.

Exercise Group.
33. Find « and §.

Exercise Group.
they are parallel. Find x and y .

35.

37.

a 204 2¢ =
bo+¢=
¢ ANABC is

« 25°

Explain why ZOAB and ZABO are
equal in measure.

Explain why ZOBC and ZBCO are

equal in measure.

Explain why ZABC is a right angle.
(Hint: Use Problem 29.)

Compare 6 with a+ 5. (Hint: What do
you know about supplementary angles
and the sum of angles in a triangle?

Compare « and /3.

Explain why the inscribed angle
/BAO is half the size of the central
angle Z/BOD.

34. Find « and 5.

In Problems 35-44, arrows on a pair of lines indicate that

36.

38.
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39. 40.

4o — 20y

41. 42.

43. 44.

45.
a
Among the angles labeled 1
through 5 in the figure at right,
find two pairs of equal angles.
b 4+ L2+ /5=
¢ Use parts (a) and (b) to explain why the sum of the angles of a
triangle is 180°
46.
a In the figure below, find 8, and b Write an algebraic expression
justify your answer. for 6 in the figure below.
26° ’ ’
0
58\ . .
47. '
A B
4
ABCD is a rectangle. The diagonals of a rect- 5
angle bisect each other. In the figure, ZAQD = e @ )
130°. Find the angles labeled 1 through 5 in ' .
order, and give a reason for each answer.
3
D c
48.

A tangent meets the radius of a 4 -
circle at a right angle. In the A"’> .
figure,/AOB = 140°. Find the A
angles labeled 1 through 5 in or-
der, and give a reason for each ‘v
B

answer.
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1.2 Similar Triangles

Congruent Triangles

Two triangles are congruent if they have exactly the same size and shape.
This means that their corresponding angles are equal, and their corresponding
sides have the same lengths, as shown below.

D f
E
B
Q ‘ !
C
A b
F

Example 1.17 The two triangles below are congruent. List the corresponding
parts, and find the angles 8, ¢, and x, and side z.

E
XZ
B C Qro
9 D
9o
A

Solution. In these triangles, /B = ZD because they are both right angles,
and Z/BCA = ZDCE because they are vertical angles, so § = 25°. The third
angles, ZA and ZE, must also be equal, so ¢ = x = 65°. (Do you see why?)
The sides opposite each pair of corresponding angles are equal, so AB = DF,
BC =CD and AC = CE. In particular, we find that z = 9. O

Checkpoint 1.18

The two triangles at right are congruent.
Find the values of o, 3, and ~. 1 A\ 16

Answer. a=385° ([ =75° v=285°
Recall that the altitude of a triangle is the segment from one vertex of the
triangle perpendicular to the opposite side.

Example 1.19 Show that the altitude of an equilateral triangle divides it into
two congruent right triangles.

Solution. Consider for example an equilateral triangle of side 8 inches, as
shown above. The altitude is perpendicular to the base, so each half of the
original triangle is a right triangle. Because each right triangle contains a 60°
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angle, the remaining angle in each triangle must be 90° — 60° = 30°. Both
triangles have a side of length 8 between the angles of 30° and 60°, so they are
congruent. (Consequently, the short sides of the congruent triangles are equal,
so each is half the original base.) |

The triangles in the previous example are a special type of right triangle
called 30°-60°-90° triangles. Notice that in these triangles, the leg opposite
the 30° angle is half the length of the hypotenuse.

Checkpoint 1.20

The diagonal of a parallelogram divides it into B c
two congruent triangles, as shown at right. List

the corresponding parts of the two triangles, and

explain why each pair is equal. A D

Answer. /BCA=/CAD and Z/BAC = ZACD because they are alternate
interior angles. If two pairs of angles in a triangle are equal, so is the third pair,
so /B =/D. BC =AD and AB = CD because they are opposite sides of a
parallelogram, and AC' = AC.

Similar Triangles

Two triangles are similar if they have the same shape but not necessarily the
same size. The corresponding angles are equal, and the corresponding sides are
proportional. We can think of one similar triangle as an enlargement or a
reduction of the other. (See the figures below.)

B’ B
y LA= /A
a /B =/B //
B c X A /C = ZC/ B ,/ C/«;/ /////A/
a& a b c //h///
Sy A A N

To decide whether two triangles are similar, it turns out that we need to
verify only one of the two conditions for similarity, and the other condition will
be true automatically.

Similar Triangles.
Two triangles are similar if either
1 their corresponding angles are equal, or

2 their corresponding sides are proportional.

Example 1.21 Which of the pairs of triangles shown below are similar?
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12
a 9 %8 5 6
15 by 5
6
3 4
O V4
’ 48°
C
‘ Q

a We will check whether the corresponding sides are proportional. We com-

pute the ratios of the corresponding sides, making sure to write each ratio
larger triangle smaller triangle
& & (The other order, StaTer tHanse

Solution.

in the same order, —————. - ,
smaller triangle larger triangle

would also work, as long as we use the same order for all the ratios.)

9 12 15
shorter legs: 5 longer legs: 3 hypotenuses: To

Because all of these ratios are equal to 1.5, the triangles are similar.

b The ratios of corresponding sides are not equal: the ratio of the longest

6

sides is —, but the ratio of the smallest sides is 3" The triangles are not
similar.

¢ The missing angle of the first right triangle is 48°, and the missing angle
in the second right triangle is 42°, so three pairs of angles match. The
triangles are similar.

O

Checkpoint 1.22 Are the triangles below similar? Explain why or why not in
each case.

4 6 8
Answer. a. The triangles are similar because 6=9= 12 so the sides are

proportional.
b. The third angle in both triangles is 80°, so the triangles are similar
because their corresponding angles are equal.

Note 1.23 In part (b) of the previous exercise, note that the third angle in
each triangle must be 80°, because the sum of the angles is 180°. Thus, we
need only show that two pairs of angles are equal to show that two triangles
are similar.

Using Proportions with Similar Triangles

The figure in the next example shows a parallelogram ABCD and two triangles,
AABE and AFCE. Can we find the unknown lengths  and y in the larger
triangle?

First note that two pairs of corresponding angles in the triangles are equal:



CHAPTER 1. TRIANGLES AND CIRCLES 17

/BEA and Z/FEC are vertical angles, and ZEFC and Z/BAF are alternate
interior angles. But if two pairs of corresponding angles are equal, then the
third pair must be equal also. This means that the two triangles are similar,
and we can use the fact that their corresponding sides are proportional to find
x and y.

Example 1.24

Find the value of x in the figure at right.

A D

Solution. We see that x is the length of the shortest side in AABE. We
know the short side in AFCE and the lengths of the medium sides in each
triangle. If we form the ratios of the short sides and the medium sides, we
obtain the following proportion.

larger triangle T 15
smaller triangle 4

To solve the proportion, we cross-multiply to get

6x = 4(15) = 60 Divide both sides by 6.
60
=—=10
G

O

Caution 1.25 Remember that “cross-multiplying” is a short-cut technique for
solving proportions. It does not work for other operations involving fractions.

Checkpoint 1.26 Find the value of y in the previous example.
Answer. y =20

Similar Right Triangles

If two right triangles have one pair of corresponding acute angles with the
same measure, then the triangles are similar. We can use this fact about right
triangles to make indirect measurements.

Example 1.27 Delbert would like to know the height of a certain building.
He gets Francine to hold up a 5-foot pole near the building and measures the
length of its shadow. The shadow of the pole is 3 feet long, and the shadow of

the building is 12 feet long.

3ft 12 ft
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a Use similar triangles to write a proportion involving the height of the
building.

b Solve the proportion to find the height of the building.

Solution.

a In the figure above we see two right triangles: One triangle is formed by
the building and its shadow, and the other by the pole and its shadow.
Because the light rays from the sun are parallel, the two angles at the
tips of the shadows are equal. Thus, the two right triangles are similar,
and their corresponding sides are proportional. The ratios of heights and
bases in the two triangles yield the proportion

larger triangle h 12

smaller triangle - 5 3

b To solve the proportion, we cross-multiply to get

3h =5(12) =60 Divide both sides by 3.
60
h=— =20
3

The building is 20 feet tall.

O

Checkpoint 1.28 Earlier we created a 30°-60°-90° triangle in which the shorter
leg was 4 inches and the hypotenuse was 8 inches. The hypotenuse of another
30°-60°-90° triangle is 5 feet. What is the length of the side opposite the 30°
angle?

Answer. 2.5 feet

Overlapping Triangles
In some applications, similar triangles may share a side or an angle.

Example 1.29

Identify two similar triangles in the figure Aﬁ o
at right, and write a proportion to find H.
24 12

Solution. The two triangles overlap, sharing the marked angle, as shown
below. Because each triangle also has a right angle, they are similar.

//r\ !
10

T T

24 24+ 12

Note that the base of the larger triangle is 24 4+ 12 = 36. The ratio of the
heights and the ratio of the bases must be equal, so we write the following
proportion.

H_36
10 24
24H = 360 Divide both sides by 24.

Cross-multiply.
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360
H=—=1
24 g

Checkpoint 1.30

Heather wants to know the height of a street

lamp. She discovers that when she is 12 feet n
from the lamp, her shadow is 6 feet long. .
Find the height of the street lamp. Sftw
121t 6t

Answer. 15 feet

Review the following skills you will need for this section.
Algebra Refresher 1.3
Which of the following expressions and equations are proportions?

7 3 x 8 r 2z

x 5 2 x+2 + 4 3

6 =z 3 2z 1 2 xz—2
4. — 4+ — 5. - — 6. — 4+ — =

T + 5 x+1 5 T * 3x 2

Solve each equation. Begin by writing an equivalent equation without fractions:
multiply both sides by the LCD.

2
z _3 g 140 _2

(O R 275

Algebra Refresher Answers
Only 1 and 2 are proportions.
7. +6 8. —10

Section 1.2 Summary

Vocabulary

Look up the definitions of new terms in the Glossary.

¢ Congruent o Hypotenuse e Proportional
o Altitude o Parallelogram

o Leg e Similar

Concepts

1 Two triangles are congruent if they have exactly the same size and
shape.

2 The altitude of an equilateral triangle divides it into two congruent right
triangles.

3 In a 30°-60°-90° right triangle, the leg opposite the 30° angle is half the
length of the hypotenuse.
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4 Two triangles are similar if they have the same shape but not necessarily
the same size. The corresponding angles are equal, and the corresponding
sides are proportional.

Similar Triangles.

Two triangles are similar if either
5 1 their corresponding angles are equal, or

2 their corresponding sides are proportional.

6 If two right triangles have one pair of corresponding acute angles with
the same measure, then the triangles are similar.

Study Questions
1 What is the difference between congruent triangles and similar triangles?

2 What is the name of the short-cut method for solving proportions? Why
does the method work?

3 In two triangles, if two corresponding pairs of angles are equal, are the
triangles similar? How do you know?

For the triangles shown, which of 6 8
4 the following equations is true?
Explain why.

z 4
4 6 T 6
a —=-— c =
T 8 r+4 8
ba:_6 T _E
48 r+4 14

Skills
Practice each skill in the Homework Problems listed.
1 Identify congruent triangles and find unknown parts #1-6
2 Identify similar triangles #7-10
3 Find unknown parts of similar triangles #11-20
4 Solve problems using proportions and similar triangles #21-26
5 Use proportions to relate sides of similar triangles #27-38

Homework 1.2

Exercise Group. In Problems 1-4, name two congruent triangles and find
the unknown quantities.

1. PQRS is an isosceles 2.
trapezoid.
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3. APRU is isosceles. 4. APRU is isosceles and
OR = NG. Find ZRNG and
ZRNO.

5. Delbert and Francine want to measure the distance across a stream. They
mark point A directly across the stream from a tree at point 7' on the
opposite bank. Delbert walks from point A down the bank a short distance
to point B and sights the tree. He measures the angle between his line of
sight and the streambank.

a Draw a figure showing the stream, the tree, and right triangle ABT.

b Meanwhile Francine, who was still standing at point A, walks away
from the stream at right-angles to Delbert’s path. Delbert watches
her progress, and tells her to stop at point C' when the angle between
the stream bank and his line of sight to Francine is the same as the
angle from the stream bank to the tree. Add triangle ABC' to your
figure.

¢ Delbert now measures the distance from point A to Francine at point
C'. Explain why this distance is the same as the distance across the
stream.

6. If you have a baseball cap, here is another way to measure the distance
across a river. Stand at point A directly across the river from a convenient
landmark, say a large rock, on the other side. Tilt your head down so that
the brim of the cap points directly at the base of the rock, R.

a Draw a figure showing the river, the rock, and right triangle ABR,
where B is the location of your baseball cap on your head.

b Now, without changing the angle of your head, rotate 90° and sight
along the bank on your side of the river. Have a friend mark the spot
C on the ground where the brim of your cap points. Add triangle
ABC to your figure.

¢ Finally, you can measure the distance from point A to point C.
Explain why this distance is the same as the distance across the
river.

Exercise Group. For Problems 7-10, decide whether the triangles are similar,
and explain why or why not.

7. 8.

6\ 3

6 6
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9. 10.

=,

Exercise Group. Assume the triangles in Problems 11-14 are similar. Solve
for the variables. (Figures are not drawn to scale.)

11. 12.

13. 14.

I
"\ 81T\
100° 100°
18 12

Exercise Group. In Problems 15-20, use properties of similar triangles to
solve for the variable.

15. 16.

36 28

7% A
d 4

17. 18.

A

N
4 8?\ 6%\\
X A\ A o o
g g 12 100 — 100 -

19 20.

20 16
" i h—10 E7 E c=5
12 8

Exercise Group. For Problems 21-26, use properties of similar triangles to
solve.
21. A rock climber estimates the height of a cliff she plans to scale as
follows. She places a mirror on the ground so that she can just see the
top of the cliff in the mirror while she stands straight.

The angles 1 and 2 formed by the
light rays are equal, as shown in
the figure. She then measures the
distance to the mirror (2 feet) and
the distance from the mirror to the
base of the cliff (56 feet). If she is

5 feet 6 inches tall, how high is the
L7 2 | 56 fit

(not to scale)
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22,

23.

24.

25.

Edo estimates the height of the Washington Monument as follows. He
notices that he can see the reflection of the top of the monument in the
reflecting pool. He is feet from the tip of the reflection, and that point
is 1080 yards from the base of the monument, as shown below. From
his physics class Edo knows that the angles marked and are equal. If
Edo is 6 feet tall, what is his estimate for the height of the Washington
Monument?

6ftl\{></{4

=35 ft—+———1080 yd
In the sixth century BC, the Greek philosopher and mathematician
Thales used similar triangles to measure the distance to a ship at sea.
Two observers on the shore at points A and B would sight the ship
and measure the angles formed, as shown in figure (a). They would
then construct a similar triangle as shown in figure (b), with the same
angles at A’ and B’, and measure its sides. (This method is called
triangulation.) Use the lengths given in the figures to find the distance
from observer to the ship.

A 4.5 mi B A 2 in. B'

(a) (b)
The Capilano Suspension Bridge is a footbridge that spans a 230-foot
gorge north of Vancouver, British Columbia. Before crossing the bridge,
you decide to estimate its length.

You walk 100 feet downstream from the
bridge and sight its far end, noting the an-
gle formed by your line of sight, as shown
in figure (a). You then construct a sim-
ilar right triangle with a two-centimeter

base, as shown in figure (b). You find that 8.98 cm
the height of your triangle is 8.98 centime-

. . . 100 ft 2cm
ters. How long is the Capilano Suspension @) ®)
Bridge?

o

8ft—>‘

A conical tank is 12 feet deep and the
diameter of the top is 8 feet. If the tank
is filled with water to a depth of 7 feet as
shown in the figure at right, what is the 12 ft T
area of the exposed surface of the water? 7f
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26.

To measure the distance EC across the 4
lake shown in the figure at right, stand at

A and sight point C across the lake, then D
mark point B. Then sight to point E and

mark point D so that DB is parallel to

EC. If AD = 25 yards, AE = 60 yards,

and BD = 30 yards, how wide is the lake?

Exercise Group. In Problems 27-28, the pairs of triangles are similar. Solve
for y in terms of z. (The figures are not drawn to scale.)

27. 28.
T Y
12 17

Exercise Group. For Problems 29-34, use properties of similar triangles to
solve for the variable.

29. 30.
16 b
10 20
8
le \Ll\leo
31. 32.
7 |2
18 30
25 20
d 20
33. 34.
12 .
s+ 12 12 .
6 N l ul
3 d
9 ﬁ_J

3+d

Exercise Group. In Problems 35-38,solve for y in terms of z.
35. 36.

3
y
:
-
6
X
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39.

40.

37. 38.

I 2 R

I X

Triangle ABC is a right triangle, and AD meets the hypotenuse BC at a
right angle.

a If ZACB = 20°, find /B, ZC'AD, and
D

/DAB. b
b Find two triangles similar to AABC. M

List the corresponding sides in each of c
the triangles.

Here is a way to find the distance across a gorge using a carpenter’s square
and a five-foot pole. Plant the pole vertically on one side of the gorge at
point A and place the angle of the carpenter’s square on top of the pole at
point B, as shown in the figure. Sight along one side of the square so that
it points to the opposite side of the gorge at point P. Without moving
the square, sight along the other side and mark point Q. If the distance
from @ to A is six inches, calculate the width of the gorge. Explain your
method.

1.3 Circles

The Distance Formula

Delbert is hiking in the Santa Monica mountains, and he would like to know
the distance from the Sycamore Canyon trail head, located at 12-C on his map,
to the Coyote Trail junction, located at 8-F, as shown below.
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Each interval on the map represents one kilometer. Delbert remembers the
Pythagorean theorem, and uses the map coordinates to label the sides of a
right triangle. The distance he wants is the hypotenuse of the triangle, so

?=424+32=16+9=25
d=+v25=5

The straight-line distance to Coyote junction is about 5 kilometers.
The formula for the distance between two points is obtained in the same
way.

We first label a right triangle with points P; and y
P, on opposite ends of the hypotenuse. (See the
figure at right.) The sides of the triangle have P5(x2, 12)
lengths |zo — 21| and |y — y1|. We can use the
Pythagorean theorem to calculate the distance d

between P; and Ps: 2 =il

Py(xy, 1) P3(x2, y1)
d* = (x2 —21)* + (42 — 1) Iy =]

X
Taking the (positive) square root of each side of this equation gives us the
distance formula.

Distance Formula.

The distance d between two points P;(z1,y1) and Pa(x2,y2) is

d=/(z2 — 1)2 + (y2 — y1)?

Example 1.31 Find the distance between (2, —1) and (4, 3).
Solution.
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We substitute (2, —1) for (z1,y1) and (4, 3) for v
(z2,92) in the distance formula to obtain 7 "us)
= V(w2 — 212 + (12 — 11)? W5/
=V{A-22+[3 - (-DP g '

\/74+ VI =25 @

=
5

The exact value of the distance, shown at right, is 2¢/5 units. We obtain
the same answer if we use (4, 3) for P, and (2, —1) for Py:

d=/(2-4)2+[(-1) - 3]
=V4+16 =20 =2V5

We can use a calculator to obtain an approximation for this value, and find
2V/5 ~ 2(2.236) = 4.472

O

Caution 1. 32 In the previous example, the radical v/4 + 16 cannot be simplified
to v/4 4+ v/16. (Do you remember why not?)

Checkpoint 1.33
a Find the distance between the points (—5,3) and (3, —9).

b Plot the points on a Cartesian grid and show how the Pythagorean
theorem is used to calculate the distance.

Answer.

a 413

g ¥ The points (—5,3) and (3, —9) are two
vertices of a right triangle with one hor-

(=5,3) @==mmmmnnq Tt O izontal leg of length 8 and one vertical
1 leg of length 12. The distance between

+ (=5,3) and (3,-9) is the hypotenuse c.

2 =82+ 122

12 — 208

SO

208 = 4v/13

—101 (3,79

Equation for a Circle

A circle is the set of all points in a plane that lie at a given distance, called the
radius, from a fixed point called the center. We can use the distance formula
to find an equation for a circle.

The circle shown below has its center at the origin, (0,0), and its radius is
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Now, the distance from the origin to any point y
P(z,y) on the circle is r. Therefore, P(z,y)

V=07 + (02 =r r

or, squaring both sides,

(2= 0)2 + (y—0)2 = 12

Because every point on the circle must satisfy this equation, we have found
an equation for the circle.

Circle.
The equation for a circle of radius r centered at the origin is

m2+y2:T2

Example 1.34 Find two points on the circle z2 4 y? = 4 with x-coordinate
—1.

Solution. We substitute x = —1 into the equation for the circle, and solve
for y.
y
_ 12 2 _ T T 3
(=1 +y =4 (-1,v3)
Y =4-1=3 s
y==+V3 .
-3
The points are (—1,1/3) and (—1,v/3), as shown \“\
at right. Note that v/3 ~ 1.732. (—1,-v3)
L | I_92
a

Checkpoint 1.35 Find the coordinates of two points on the circle z2+y? =1

1
with y-coordinate 3

Answer. <\/§,1>, <\/§,1>
272 2 72

Definition 1.36  Unit Circle. The circle in the exercise above,
z2 4+ y? =1, which is centered at the origin and has radius 1 unit, is
called the unit circle. O

Rational and Irrational Numbers

. 3 . . .
Every common fraction, such as T can be written in many equivalent forms,

including a decimal form. For example,

3 6 75 5 20 50 _
478 100 S ¥ VR T
where 0.45 is the repeating decimal 0.45454545....
Because the fraction bar denotes division, a fraction is a quotient of two
integers, and we can calculate its decimal form by dividing the denominator
into the numerator.
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Definition 1.37 Rational Number. Any number (including fractions) that
a
can be written as a quotient of two integers 7 where b # 0, is called a

rational number. O

The decimal form of a rational number is either a terminating decimal,
such as 0.75, or a repeating decimal, such as 0.45. Thus, we can always
write down an exact decimal equivalent for a rational number, although we
may choose to round off a particularly long or unwieldy decimal. For example,

3

7

= 0.428571 =~ 0.43

3
Caution 1.38 Note that 0.43 is not exactly equal to ?; it is an approzimation

3 1
for —, just as 0.33 is an approximation for 3 In our work, it will be important

to distinguish between exact values and approximations.

Definition 1.39 Irrational Number. An irrational number is one that
cannot be written as a quotient of two integers g,where b # 0. O

Examples of irrational numbers are /3, v/586, and 7. The decimal form of
an irrational number is nonterminating and nonrepeating. The first few digits
of the examples mentioned are

V3 = 1.732050807568...
v/586 = 8.368209391204...
7 = 3.141592653589...

but none of these decimal forms ever ends. Thus, we cannot write down an
exact decimal equivalent for an irrational number. The best we can do is give a
decimal approximation, no matter how many digits we include.

Example 1.40 Which values are exact, and which are approximations?

N % 5 0.21875 ¢ v0.16 — 0.4
™
b V8 — 2.828427125 d 5~ 1.570796327
Solution.

7
a Because 39 is a rational number, it has an exact decimal equivalent.

7
Divide 7 by 32 to see that 33 = 0.21875.

b Because 8 is not a perfect square, v/8 is irrational, so 2.828427125 is not
the exact value of /8.

16 4
¢ v0.16 = 10=-10" 0.4, so this value is exact.
d Because T is an irrational number, it has no decimal equivalent, so

1.570796327 is an approximation.
|

Checkpoint 1.41 For which numbers can you give an exact decimal equivalent?

\/§ \/E c 27 d§
a5 b3

3 17
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Answer. b, d

Circumference and Area

Recall from geometry that the circumference of a circle is proportional to its
radius.

Circumference of a Circle.

The circumference of a circle of radius r is given by

C =2nr

The number 7 gives the ratio of the circumference of any circle to its
diameter. It is an irrational number, 7 ~ 3.14159.
The length of a portion, or arc, of a circle, is called its arclength.

Example 1.42 Francine baked an apple pie with diameter 8 inches. If Delbert
cuts himself a 60° wedge, what is the arclength of the curved edge?

Solution. The radius of the pie is 4 inches, so its circumference is 27 (4)
inches.

1

A 60° wedge, shown at right, is 6 of the entire pie, so b
1

its edge is 6 of the circumference. The exact length of b

the arc is thus

4
—(8m) = % inches.

4
Using a calculator, we find that % = 4.19 rounded to two decimal places,

so the length of the curved edge is between 4 and 4% inches. (]

Checkpoint 1.43 What is the arclength of the curved edge of a 60° wedge cut
from a blueberry pie of diameter 10 inches?

Answer. 5% ~ 5.24 inches

The area of a circle is proportional to the square of its radius.

Area of a Circle.
The area of a circle of radius r is given by

A= nr?

A portion of a circle shaped like a pie-shaped wedge is called a sector.

Example 1.44 What is the area of Delbert’s slice of apple pie in the previous
example?

1
Solution. As we saw in the previous example, Delbert’s sector of the pie is 5

1
of the entire pie, so its area 5 of the area of the whole pie, or

1
67T(42) = 8% square inches

The area of the wedge is 8%, or about 8.38 square inches. |
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Checkpoint 1.45 What is the area of a 60° wedge cut from a blueberry pie of

diameter 10 inches?

25
Answer. Tﬂ ~ 13.09 square inches

Review the following skills you will need for this section.

Algebra Refresher 1.4 True of False.

1 Va2+b2=a+b 6 VAi+N=2+VN
2 V36464 =6+8 : 337\/5

3 V16z4 = 422 4 9

4 V2x+\/3y = \/bzy

3 6

Algebra Refresher Answers

1 False 3 True 5 False 7 True

2 False 4 True 6 False 8 True

Section 1.3 Summary

Vocabulary

Look up the definitions of new terms in the Glossary.

o Rational number e Circle ¢ Circumference
e Irrational number o Radius
o Repeating decimal o Unit circle o Arclength
Concepts
1
Distance Formula.
The distance d between two points Py (x1,y1) and Pe(xa,y2) is
d= \/(xz —x1)?2 + (y2 — y1)?
a

2 Any number that can be written as a quotient of two integers 7 where b #

0, is called a rational number. The decimal form of a rational number
is either a terminating decimal or a repeating decimal.

An irrational number is one that cannot be written as a quotient of
a
two integers —, where b # 0. We cannot write down an exact decimal

equivalent for an irrational number.

A circle is the set of all points in a plane that lie at a given distance,
called the radius, from a fixed point called the center.
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Circle.
The equation for a circle of radius r centered at the origin is

.’132+y2:7“2

6 The circle 22 4 y? =1, which is centered at the origin and has radius 1
unit, is called the unit circle.

7
Circumference of a Circle.
The circumference of a circle of radius r is given by
C =2nr
8

Area of a Circle.

The area of a circle of radius r is given by

A=mr?

Study Questions

1 Explain why the distance formula, d = \/(.172 —21)%2 4 (y2 — y1)?, cannot
be simplified to (xo — x1) + (y2 — y1)-

2 What is a unit circle, and what is its equation?
3 Can you give an exact decimal value for 7?7

4 What is the arclength of a semicircle of radius r?

Skills
Practice each skill in the Homework Problems listed.
1 Find the distance between two points #1-18
2 Distinguish between exact values and approximations #19-24
3 Graph a circle #25-30, 35-40
4 Find and use the equation for a circle #31-34, 39-42, 55-56
5 Find the length of a fraction of a circle #35-38, 43-54

6 Find the area of a sector of a circle #43-50
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Homework 1.3

1.

Leanne is sailing and is currently 3 miles west and 5 miles south of the
harbor. She heads directly towards an island that is 8 miles west and 7
miles north of the harbor. How far is Leanne from the island?

Dominic is 100 meters east and 250 meters north of Kristen. He is walking
directly towards a tree that is 220 meters east and 90 meters north of
Kristen. How far is Dominic from the tree?

Exercise Group. For Problems 3-6, find the distance between the points.
Give your answer as an exact value, then as a decimal rounded to hundredths.

3. 4.

Exercise Group. For Problems 7-12, find the distance between the points.

13.

14.

15.

16.

7. (1,1), (4,5) 8. (-1,1), (5,9)
9. (2,-3), (-2,-1) 10. (5,—4), (-1,1)
11. (3,5), (-2,5) 12. (=2,-5), (-2,3)

Sketch a triangle with vertices (10, 1), (3,1), (5,9) and find its perimeter.
Round your answer to tenths.

Sketch a triangle with vertices (—1,5), (8, —7), (4,1) and find its perimeter.
Round your answer to tenths.

a Write an expression for the distance between the points (z,y) and
(737 4)

b Write an equation that says "the distance between the points (z,y)
and (—3,4) is 5 units."

a Write an expression for the distance between the points (—6,—1)
and (h, k).

b Write an equation that says "the point (—6,—1) is 3 units from the
point (h, k)."

Exercise Group. Interpret the equationsin Problems 17 and 18 as statements
about distance.

17. /(@ —-42+(@y+1)2=3 18. /(-2—h)2+(-k)2=1

Exercise Group. For Problems 19-22

a give an exact answer,
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b round your answer to hundredths.

19. How long is the diagonal of a square whose side is 6 centimeters?
20. How long is the side of a cube whose volume is 80 cubic feet?

21. What is the area of a circle whose radius is 5 inches?
22. What is the circumference of a circle whose radius is 5 meters?

Exercise Group. In Problems 23 and 24, decide whether the decimal form
is an exact value or an approximation.

23.
3
a @ — 0.866025 ¢ % — 4.712390
2
v 16 5 _
b = — 1.333333 d - — 0.714285
24.
T
Z V196
a & — 0.52536 c . 0.4375
32
5 8
b 2 - 0.15625 a Y8, oromi07
32 4
25.
a Complete the table of values for the equation z2 + 3% = 25.
x| 5| -4 ] 3] 2] -1 0 1 2 3 4 5
Yy
b
Y
8
4
Plot the points and graph the equa-
tion. 78::74‘ YRRER: T
—4
W
N
-8
26.
a Complete the table of values for the equation z2 + y? = 1.
T -1 —-0.8 | —0.6 0 0.6 0.8 1
Y
b
y
Plot the points and graph the equa- b
tion. x
—0.8—-0.4 04 08
27.

a Sketch a graph of all points in the plane that lie 6 units from the
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origin.
b Write an equation for your graph.
28.

a Sketch a graph of all points in the plane that lie /12 units from the
origin.

b Write an equation for your graph.

29.

a Sketch a graph of all points in the plane that lie less than 3 units
from the origin.

b Write an inequality for your graph.
30.

a Sketch a graph of all points in the plane that lie more than 5 units
from the origin.

b Write an inequality for your graph.
31.

a Explain why the solutions of the equation 22 + y? = 16 must have
—4 < x <A4.

b What does part (a) tell you about the graph of the equation?
32.

a Explain why the solutions of the equation z? + y? = 100 must have
-10<2<10
b What does part (a) tell you about the graph of the equation?

33. The point (1, —3) lies on a circle centered at the origin. What is the radius
of the circle?

34. The point (—2,v/6) lies on a circle centered at the origin. What is the
radius of the circle?

Exercise Group. For Problems 35-38,

a Graph each equation.

b Find the circumference of the circle.

35. 22442 =236 36. 22 4+y> =16
Yy Y
8 8
4 4
—8:—4‘ 47718 ‘ —8::—4‘ 47118 ‘

—4 —4

1] [T

[ ]

-8 -8
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37. 4a2® +4y* =16 38. 222 +2y% =18
Y Y
8 8
4 4
—8:—4‘ 477718 ‘ —8::—4‘ 47118 ‘
— —4
[ ]
!8‘ L\ |

39. Give the coordinates of two points on the circle in Problem 35 that have
y = —4. Plot those points on your graph.

40. Give the coordinates of two points on the circle in Problem 35 that have
x = —2. Plot those points on your graph.

Exercise Group. For Problems 41 and 42, find the coordinates of the points
on the unit circle.
41. 42.

43. A circular herb garden has diameter 40 feet, and is divided into 8 equal
sectors.

a What is the central angle of each sector?
b What is the length of the circular edge of each sector?

¢ What is the area of each sector?

44. A dart board is 18 inches in diameter, divided into 20 sectors of equal size.
(For this exercise, we will ignore the bulls-eye and the fact that the sectors
are further subdivided.)

a What is the central angle of
each sector?

b What is the length of the circu-
lar edge of each sector?

¢ What is the area of each sector?

Exercise Group. For Problems 45-50,
a What fraction of one revolution is the central angle?
b What is the area of the shaded sector?

¢ What is the length of the shaded arc?
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45. 46. 47.

) @
D) (9

48. 49. 50.

51.
South America stretches across 30° of longi- Equator
tude at the equator, from Quito in Ecuador
to the east coast of Brazil. (The figure at E =
right shows a view of the earth from above g g
the north pole.) The radius of the earth is = :
about 3960 miles. How wide is South Amer- Quito B, coast
ica at the equator? of Brazil

52.

The radius of the earth is about 3960 miles.
What distance will you cover if you travel \
north by one degree of latitude? (See the
figure at right.) There are 180° of latitude

from the south pole to the north pole.

53. The moon is about 240,000 miles from earth. It moves in a roughly circular
orbit, completing one revolution in 28 days.

a How far does the moon move around the
earth in one day?

b What is the speed of the moon relative to
the earth, in miles per hour?

54. The earth is about 93,000,000 miles from the sun, and its orbit is approxi-
mately circular.

a How far does the earth move around the
sun in one month?

b What is the speed of the earth relative
to the sun, in miles per day? (Assume a
month has 30 days.)

55.
a Use the distance formula to write an equation for the circle of radius
6 centered at the point (3, —2).
b Use the distance formula to derive an equation for the circle of radius
r centered at the point (h, k).
56. Find the coordinates of the indicated points on each circle.
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1.4

a(z—4)>*+@y—-52=9

y

Chapter 1 Summary and Review

Key Concepts

1

B~ W

10

12

13

The sum of the angles in a triangle is 180°.

A right triangle has one angle of 90°.

All of the angles of an equilateral triangle are equal.
The base angles of an isosceles triangle are equal.
Vertical angles are equal.

If parallel lines are intersected by a transversal, the alternate interior
angles are equal. Corresponding angles are also equal.

Two triangles are congruent if they have exactly the same size and
shape.

The altitude of an equilateral triangle divides it into two congruent right
triangles.

In a 30° — 60° — 90° right triangle, the leg opposite the 30° angle is half
the length of the hypotenuse.

Two triangles are similar if they have the same shape but not necessarily
the same size. The corresponding angles are equal, and the corresponding
sides are proportional.

Similar Triangles.

Two triangles are similar if either
11 1 their corresponding angles are equal, or

2 their corresponding sides are proportional.

If two right triangles have one pair of corresponding acute angles with
the same measure, then the triangles are similar.

Distance Formula.

The distance d between two points Py (z1,y1) and Pa(x2,ys) is

d=/(z2 —21)> + (y2 — 11)?
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14

15

16

17

18

19

20

a
Any number that can be written as a quotient of two integers —, b #0,

is called a rational number. The decimal form of a rational number is
either a terminating decimal or a repeating decimal.

An irrational number is one that cannot be written as a quotient of two
a
integers —, b# 0, . We cannot write down an exact decimal equivalent

for an irrational number.

A circle is the set of all points in a plane that lie at a given distance,
called the radius, from a fixed point called the center.

Circle.
The equation for a circle of radius r centered at the origin is

x2—|—y2:7“2

The circle 22 4 y? = 1, which is centered at the origin and has radius 1
unit, is called the unit circle.

Circumference of a Circle.

The circumference of a circle of radius r is given by

C =2nr

Area of a Circle.
The area of a circle of radius 7 is given by

A = mr?

Chapter 1 Review Problems

Exercise Group. For Problems 14, sketch the triangle described.

1.

2.
3.
4.

An isosceles triangle with vertex angle 100°
An isosceles triangle with base angles of 75°
A scalene right triangle

A scalene triangle with one obtuse angle

Exercise Group. For Problems 5--16, find the unknown angles.

6. 7.




CHAPTER 1. TRIANGLES AND CIRCLES 40

11. 12. 13.

9 141°
2

14. 15. 16.

Exercise Group. In Problems 17 and 18, name two congruent triangles and
find the unknown quantities.

17. 18. PQRS is a square
A P 8T 8 O
[ oB 7
A 32 ,
T ile z 4
D Jul N
s s R

Exercise Group. In Problems 19-22; are the pairs of triangles are similar?
Explain why or why not.

19. 20.

11
6
5 - 17 77
) 9
10

Exercise Group. In Problems 23-26, find the unknown side.
23. 24.

13
7
T
t
‘
N

Exercise Group. In Problems 27-34, solve for y in terms of x.

25. 26.

Z\
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27.

30.

33.

Exercise Group.

28. 29.
5
y x 7
2
Yy
31. 32.
—d— 1
T u T
“f‘r?_ 10
10— y T 6 v l
e
34.
] 0 | O
. 0
13 Y 55
12 ' 73
Y
v 1 O

In Problems 35 and 36, find angle . The gray lines are

horizontal.

35.

Exercise Group.

36.

For Problems 37-40, make a sketch showing similar

triangles, write a proportion, and solve.

37.

38.

39.

A 6-foot man stands 12 feet from a lamp-
post. His shadow is 9 feet long. How tall
is the lamppost?

6 ft

T

12t 91t
Judy is observing the Mr. Freeze roller coaster from a safe distance
of 1000 feet. She notices that she can see the reflection of the highest
point of the roller coaster in a puddle of water. Judy is 23.5 feet from
that point in the puddle. If Judy is bfeet 3 inches tall, how tall is the
roller coaster?

5 ft3in.

i}
F—23.5 ft
1000 ft _!
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A florist fits a cylindrical piece of foam
into a conical vase that is 10 inches high
and measures 8 inches across the top, as
shown in the figure. If the radius of the
foam cylinder is 22 inches, how tall should

2
it be just to reach the top of the vase?

40.

To measure the distance across the river
shown in the figure, stand at A and sight
across the river to a convenient landmark
at B. Then measure the distances AC,
CD, and DE. If AC = 20 feet, CD =13 _
feet, and DE = 58 feet, how wide is the 111 ] §

river?

Exercise Group. For Problems 41-44, sketch a diagram on graph paper,
then solve the problem.

45.

46.

47.

48.

49.

50.

51.

41. Show that the rectangle with vertices (—4, 1), (2,6), (7,0) and (1, —5)
is a square.

42. Show that the points (1,6), (5,2),(—2,3) and (2, —1) are the vertices
of a rectangle. (Hint: If the diagonals of a quadrilateral are of equal
length, then the quadrilateral is a rectangle.)

43. Show that the point C(v/5,2 + v/5) is the same distance from A(2,0)
and B(—-2,4).

44. Show that the points (-2, 1), (0, —1), and (v/3 —1,+/3) are the vertices
of an equilateral triangle.

a Write an equation that says “The distance from (z,y) to (2,5) is 3
units."

b Write an equation for the circle of radius 3 whose center is (2, 5).

The points (—2,4) and (6, —2) lie on opposite ends of the diameter of a
circle. What is the radius of the circle?

How long is the diagonal of a rectangle that measures 8 cm by 4 cm? Give
an exact value for your answer, and then an approximation rounded to
thousandths.

What is the circumference of a circle of radius 6.2 feet? Give an exact
value for your answer, and then an approximation rounded to thousandths.

-1
Find two points on the unit circle with z-coordinate 5 Give exact values

for your answers.

7
Find two points on the unit circle with y-coordinate % Give exact values
for your answers.

A circle of radius 10 feet is divided into 5 equal sectors.

a Find the arclength of the circular edge of each sector.

b Find the area of each sector.
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52. The central angle of the sector of a circle is 150°, and the circle has radius
9 inches.

a Find the arclength of the circular edge of each sector.

b Find the area of each sector.
53. Delbert slices a 14 inch diameter pizza into 8 equal pieces, and Francine
slices a 12 inch diameter pizza into 6 equal slices. Each slice is a sector of
a circle.

a Find the central angle for the slices.
b What are the areas of the slices? Which slices have the greater area?

¢ How long are the crust (curved) edges of the slices? Which slices
have the longer crust edges?

54. Florence wants to create a piechart (or circle graph) to display how much of
her hospital’s budget is dedicated to nurses. She finds that in the hospital’s
annual expenses of $60 million, the nurses’ salaries and benefits totaled
$1,200,000.

a What fraction of the total annual costs comes from the nurses’ salaries
and benefits?

b Suppose that the entire budget is represented by the area of a circle.
If the costs for the nurses are to be represented by a sector of that
circle, what will be the angle of that sector?

¢ If the circle has a radius of 20 centimeters, what are the areas of
the circle and of the sector representing the nurses? What are the
circumference of the circle and the arclength of the sector?



Chapter 2

The Trigonometric Ratios

e Side and Angle Relationships
¢ Right Triangle Trigonometry

e Solving Right Triangles

How would you measure the distance to an inaccessible obect, such as a
ship at sea? In the 6th century BC, the Greek philosopher Thales estimated
the distances to ships at sea using triangulation, a method for calculating
distances by forming triangles. Using trigonometry and the measured length of
just one side, the lengths of the other sides can be calculated.

Triangulation has been used to compute distances ever since. In the 16th
century mapmakers began to use triangulation to position far-away places
accurately. And as new methods in navigation and astronomy required greater
precision, the idea of a survey using chains of triangles was developed.

In 1802, the East India Company embarked on the Great Trigonometrical
Survey of India. Its goal was to measure the entire Indian subcontinent with
scientific precision.

44
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The surveyors began by measuring a baseline near Madras. The baseline
was the only distance they measured; all other distances were calculated from
it using measured angles. Each calculated distance became the base side of
another triangle used to calculate the distance to another point, which in turn
started another triangle. Eventually this process formed a chain of triangles
connecting the origin point to other locations.

Because of the size of the area to be surveyed, the surveyors did not
triangulate the whole of India but instead created what they called a "gridiron"
of triangulation chains running from North to South and East to West. You
can see these chains in the map of the survey.

The Survey was completed in 1871. Along the way it calculated the height
of the Himalayan giants: Everest, K2, and Kanchenjunga, and provided one of
the first accurate measurements of a section of an arc of longitude.

Triangulation today is used for many purposes, including surveying, naviga-
tion, metrology, astrometry, binocular vision, and location of earthquakes.

Activity 2.1 Trigonometric Ratios.

A Using Ratios and Proportions
Two related quantities or variables are proportional if their ratio is
always the same.

1 a On any given day, the cost of filling up your car’s gas tank is
proportional to the number of gallons of gas you buy. For each
purchase below, compute the ratio

total cost of gasoline

number of gallons
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Gallons of Gas Purchased | Total Cost Dollars
Gallon
5 $14.45
12 $34.68
18 $52.02
b Write an equation that you can solve to answer the question:
Dollars |

How much does 21 gallons of gas cost? Use the ratio

Gallon
allon
your equation.

¢ Write an equation that you can solve to answer the question:

How many gallons of gas can you buy for $46.247 Use the ratio
Dollars

Gallon

in your equation.

3 3
2 A recipe for coffee cake calls for 7 CupP of sugar and 11 cup of flour.

a What is the ratio of sugar to flour? Write your answer as
a common fraction, and then give a decimal approximation
rounded to four places.

For parts (b) and (c) below, write an equation that you can

Amount of sugar
solve to answer the question. Use the ratio 8a%;

in
¢ Amount of flour
your equation.

b How much sugar should you use if you use 4 cups of flour?
Compute your answer two ways: writing the ratio as a common
fraction, and then writing the ratio as a decimal approximation.
Are your answers the same?

¢ How much flour should you use if you use 4 cups of sugar?
Compute your answer two ways: writing the ratio as a common
fraction, and then writing the ratio as a decimal approximation.
Are your answers the same?

3 You are making a scale model of the Eiffel tower, which is 324 meters
tall and 125 meters wide at its base.

a Compute the ratio of the width of the base to the height of the
tower. Round your answer to four decimal places.
Use your ratio to write equations and answer the questions
below:

b If the base of your model is 8 inches wide, how tall should the
model be?

¢ If you make a larger model that is 5 feet tall, how wide will the
base be?
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B Similar Triangles

1 Recall that two triangles are similar if their corresponding sides
are proportional. The corresponding angles of similar triangles are
equal.

a What is the ratio of the two given sides in each triangle? Are
the corresponding sides of the three triangles proportional? How
do we know that a ==~ 7

3 3.2
) 7.5 8

b Find the hypotenuse of each right triangle.

¢ Use the sides of the approporiate triangle to compute
sinq, sinf, and siny. Round your answers to four decimal
places. Does the sine of an angle depend on the lengths of its
sides?

d How do you know that the triangle below is similar to the three
triangles in part (a)? Write an equation using the ratio from
part (c) to find z.

12

(&%

2 In the three right triangles below, the angle 6 is the same size.

z
13
4.3
0 ,A\ 0 O
T 14

10

a Use the first triangle to calculate cosf. Round your answer to
four decimal places.

x 10
b In the second triangle, explain why — = —. Write an equation
using your answer to part (a) and solve it to find z.
¢ Write and solve an equation to find z in the third triangle.

h
3 a Use your calculator to find the value of 24 (Hint: Which trig
ratio should you use?) What is the lengtﬁ of side h?

h

62° 24

6
b What is the value of — for the triangle below? Write an equation
w

and solve for w.
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w

62°

¢ Write an equation and solve it to find x in the triangle above.

2.1 Side and Angle Relationships

Introduction

From geometry we know that the sum of the angles in a triangle is 180°. Are
there any relationships between the angles of a triangle and its sides?

First of all, you have probably observed that the longest side in a triangle is
always opposite the largest angle, and the shortest side is opposite the smallest
angle, as illustrated below.

a b
20° 40° C

Note 2.1

It is usual to label the angles of a triangle with capital
letters, and the side opposite each angle with the corre-
sponding lower-case letter, as shown at right. We will
follow this practice unless indicated otherwise.

A

Example 2.2 In AFGH, /F = 48°, and ZG is obtuse. Side f is 6 feet long.
What can you conclude about the other sides?

Solution. Because ZG is greater than 90°, we know that ZF + ZG is greater
than 90° + 48° = 138°, so ZF is less than 180° — 138° = 42°.

Thus, ZH < /F < /G, and consequently h < f < g.

We can conclude that h < 6 feet long, and g > 6 feet long. O

Checkpoint 2.3 In isosceles triangle ARST, the vertex angle /S = 72°.
Which side is longer, s or t?

Answer. s is longer

The Triangle Inequality

It is also true that the sum of the lengths of any two sides of a triangle must
be greater than the third side, or else the two sides will not meet to form a
triangle. This fact is called the triangle inequality.



CHAPTER 2. THE TRIGONOMETRIC RATIOS 49

Triangle Inequality.
In any triangle, we must have that
p+g>r q

where p, gq,and r are the lengths of r
the sides of the triangle.

We cannot use the triangle inequality to find the exact lengths of the sides
of a triangle, but when two sides are known, the triangle inequality allows us
to find upper and lower bounds for the length of the third side.

Example 2.4

Two sides of a triangle have lengths 7 inches
and 10 inches, as shown at right. What can
you say about the length of the third side? 7 10

Solution. We let x represent the length of the third side of the triangle. By
looking at each side in turn, we can apply the triangle inequality three different
ways, to get

T<x4+10, 10<z+7, and 2<10+7

We solve each of these inequalities to find
—-3<z, 3<z, and z<17

We already know that z > —3 because x must be positive, but the other two
inequalities do give us new information. The third side must be greater than 3
inches but less than 17 inches long. O

Checkpoint 2.5 Can you make a triangle with three wooden sticks of lengths
14 feet, 26 feet, and 10 feet? Sketch a picture, and explain why or why not.

Answer. No, 10 4 14 is not greater than 26.

Right Triangles: The Pythagorean Theorem

In Chapter 1 we used the Pythagorean theorem to derive the distance formula.
We can also use the Pythagorean theorem to find one side of a right triangle if
we know the other two sides.

Pythagorean Theorem.

In a right triangle, if ¢ stands for the length
of the hypotenuse, and the lengths of the c
two legs are denoted by a and b, then

a’ 4+ b% =¢? a

Example 2.6 A 25-foot ladder is placed against a wall so that its foot is 7 feet
from the base of the wall. How far up the wall does the ladder reach?

Solution. We make a sketch of the situation, as shown below, and label any
known dimensions. We’ll call the unknown height h.
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The ladder forms the hypotenuse of a right triangle, so we
can apply the Pythagorean theorem, substituting 25 for c,
7 for b, and h for a.

a® +b* = hl \25
h? 4 7% = 25
Now solve by extraction of roots: 7
h? 449 = 625 Subtract 49 from both sides.
h? =576 Extract roots.
h = £v576 Simplify the radical.
h =424

The height must be a positive number, so the solution —24 does not make sense
for this problem. The ladder reaches 24 feet up the wall. O

Checkpoint 2.7 A baseball diamond is a square whose sides are 90 feet long.
The catcher at home plate sees a runner on first trying to steal second base,
and throws the ball to the second-baseman. Find the straight-line distance
from home plate to second base.

Answer. 90v/2 ~ 127.3 feet

Note 2.8 Keep in mind that the Pythagorean theorem is true only for right
triangles, so the converse of the theorem is also true. In other words, if the
sides of a triangle satisfy the relationship a2 + b> = ¢2, then the triangle must
be a right triangle. We can use this fact to test whether or not a given triangle
has a right angle.

Example 2.9 Delbert is paving a patio in his back yard, and would like to
know if the corner at C' is a right angle.

He measures 20 cm along one side from the P
corner, and 48 cm along the other side, placing
L 52 cm
pegs P and @ at each position, as shown at 20 cm
right. The line joining those two pegs is 52 cm
long. Is the corner a right angle? c 48 cm Q

Solution. If is a right triangle, then its sides must satisfy p? + ¢% = c?. We
find

p° 4 q® = 20° + 48° = 400 + 2304 = 2704
¢ = 52° = 2704

Yes, because p? + ¢ = ¢2, the corner at C is a right angle. O

Checkpoint 2.10 The sides of a triangle measure 15 inches, 25 inches, and 30
inches long. Is the triangle a right triangle?

Answer. No

The Pythagorean theorem relates the sides of right triangles. However, for
information about the sides of other triangles, the best we can do (without
trigonometry!) is the triangle inequality. Nor does the Pythagorean theorem
help us find the angles in a triangle. In the next section we discover relationships
between the angles and the sides of a right triangle.

Review the following skills you will need for this section.
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Algebra Refresher 2.2
Solve the inequality.

1. 6—2>3 9 —3332_6
4
3. 3z —-7<-10 4. 4-3x<2zx+9
If z < 0, which of the following expressions are positive, and which are negative?
5. —x 6. —(—x) 7. |z
8. — |z 9. —|—z 10. 7!
Algebra Refresher Answers
1 <3 4 x>-—1 7 Positive 10 Negative
2 <8 5 Positive 8 Negative
3 < -1 6 Negative 9 Negative
Section 2.1 Summary
Vocabulary
o Converse o Extraction of roots o Inequality
Concepts

1 The longest side in a triangle is opposite the largest angle, and the shortest
side is opposite the smallest angle.

2 Triangle Inequality: In any triangle, the sum of the lengths of any two
sides is greater than the length of the third side.

3 Pythagorean Theorem: In a right triangle with hypotenuse ¢, a?+b? = 2.

4 If the sides of a triangle satisfy the relationship a2 + b* = ¢? , then the
triangle is a right triangle.

Study Questions

1 Is it always true that the hypotenuse is the longest side in a right triangle?
Why or why not?

2 In ADFEF, is it possible that d+e > f and e+ f > d are both true?
Explain your answer.

3 In a right triangle with hypotenuse ¢, we know that a? +b> =c? . Is it
also true that a + b= c ? Why or why not?

4 The two shorter sides of an obtuse triangle are 3 in and 4 in. What are
the possible lengths for the third side?

Skills
1 Identify inconsistencies in figures #1-12
2 Use the triangle inequality to put bounds on the lengths of sides #13-16
3 Use the Pythagorean theorem to find the sides of a right triangle #17-26
4 Use the Pythagorean theorem to identify right triangles #27-32

5 Solve problems using the Pythagorean theorem #33-42
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Homework 2.1

Exercise Group. For Problems 1-12, explain why the measurements shown
cannot be accurate.

13.

14.

15.

16.

1 2. 3
[ 7 A\
A ]
L
4 5. 6
63 (44 +x)° 12
] 0 (44 — r)° 1&
40 42 8
ul I
7 8. 9

g

A+

’ N
!
o

—_

e —_
ot

10. 11. 12.

If two sides of a triangle are 6 feet and 10 feet long, what are the largest
and smallest possible values for the length of the third side?

Two adjacent sides of a parallelogram are 3 cm and 4 cm long. What are
the largest and smallest possible values for the length of the diagonal?
If one of the equal sides of an isosceles triangle is 8 millimeters long, what
are the largest and smallest possible values for the length of the base?

The town of Madison is 15 miles from Newton, and 20 miles from Lewis.
What are the possible values for the distance from Lewis to Newton?

Exercise Group. For Problems 17-22,

a Make a sketch of the situation described, and label a right triangle.

b Use the Pythagorean Theorem to solve each problem.

17. The size of a TV screen is the length of its diagonal. If the width of a
35-inch TV screen is 28 inches, what is its height?

18. If a 30-meter pine tree casts a shadow of 30 meters, how far is the tip
of the shadow from the top of the tree?

19. The diagonal of a square is 12 inches long. How long is the side of the
square?

20. The length of a rectangle is twice its width, and its diagonal is meters
long. Find the dimensions of the rectangle.

21.

What size rectangle can be inscribed in a
circle of radius 30 feet if the length of the 30 ft
rectangle must be three times its width?
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22,

What size square can be inscribed inside a 8 in.

circle of radius 8 inches, so that its vertices
just touch the circle?

Exercise Group. For Problems 23-26, find the unknown side of the triangle.
23. 2

4.
: d
20 21 Wi
12

25. 26.

Exercise Group. For Problems 27-32, decide whether a triangle with the
given sides is a right triangle.

27. 9in, 16 in, 25 in 28. 12m,16m,20m 29. 5m, 12m, 13 m
30. 5ft, 8 ft, 13 ft 31. 5% ft, 82 ft, 132 ft  32. /5 ft, V8 ft,
V13 ft

33. Show that the triangle with vertices (0,0), (6,0) and (3, 3) is an isosceles
right triangle, that is, a right triangle with two sides of the same length.

34. Two opposite vertices of a square are A(—9, —5) and C(3, 3).

a Find the length of a diagonal of the square.

b Find the length of the side of the square.
35.

A 24-foot flagpole is being raised by a rope
and pulley, as shown in the figure. The loose
end of the rope can be secured to a ring on
the ground 7 feet from the base of the pole.
From the ring to the top of the pulley, how
long should the rope be when the flagpole is =
vertical? 71t

24 ft

36.

To check whether the corners of a frame are 12”
square, carpenters sometimes measure the

sides of a triangle, with two sides meeting at  |7”
the join of the boards. Is the corner shown

in the figure square?

14"

Exercise Group.
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37. Find a, 8 and h. 38. Find «, 8 and d.
1 B
[
3
d
1 1
(e} r
A 1 c
39.
. . . . 8 in
Find the diagonal of a cube of side 8 inches.
Hint: Find the diagonal of the base first.
8 in
8 in
40.
Find the diagonal of a rectangular box whose 6 cm
sides are 6 cm by 8 cm by 10 cm. Hint: Find
the diagonal of the base first. 10 em
8 cm

Exercise Group. For Problems 41 and 42, make a sketch and solve.
41.

a The back of Brian’s pickup truck is five feet wide and seven feet
long. He wants to bring home a 9-foot length of copper pipe.
Will it lie flat on the floor of the truck?

b The shell on the pickup is 3 feet tall. Will a 9-foot copper pipe
fit diagonally across the back of the truck?

42. What is the longest curtain rod that will fit inside a box 60 inches
long by 10 inches wide by 4 inches tall?
43.

In this problem, we’ll show that any angle
inscribed in a semi-circle must be a right
angle. The figure shows a triangle inscribed
in a unit circle, one side lying on the diameter > T
of the circle and the opposite vertex at point 1

(p, q) on the circle.

(p.q)

a What are the coordinates of the other two vertices of the triangle?
What is the length of the side joining those vertices?

b Use the distance formula to compute the lengths of the other two
sides of the triangle.

¢ Show that the sides of the triangle satisfy the Pythagorean theorem,
a? +v? =2



CHAPTER 2. THE TRIGONOMETRIC RATIOS 55

44. There are many proofs of the Pythagorean theorem. Here is a simple
visual argument.

a What is the length of the side of the large square in the figure? Write
an expression for its area.

b Write another expression for the area of the large square by adding
the areas of the four right triangles and the smaller central square.

¢ Equate your two expressions for the area of the large square, and
deduce the Pythagorean theorem.

2.2 Right Triangle Trigonometry

With the Pythagorean theorem we can find one side of a right triangle if we
know the other two sides. By using what we know about similar triangles, we
can find the unknown sides of a right triangle if we know only one side and one
of the acute angles.

12
18
b /A b
36°

5

We can find side b with the Pythagorean theorem. Can we find side b?

The Sine of an Angle

In Example 2 of Section 1.2, we saw that in a
30-60-90 right triangle, the ratio of the shortest

(=]

side to the hypotenuse was %, or 0.5. This ratio
is the same for any two right triangles with a
30° angle, because they are similar triangles, as
shown at right.

4

The ratio is given a name; it is called the "sine of 30°." We write
sin(30°) = 0.5,

where sin is an abbreviation for sine. There is nothing special about 30° angles;
we can talk about the sine of any angle. The sine of an angle is the ratio of
the side opposite the angle to the hypotenuse.



CHAPTER 2. THE TRIGONOMETRIC RATIOS 56

Note 2.11 Recall that we use the notation f(x) to indicate a function of an
input variable, x. In fact, the sine ratio is a function of the angle, so we use
parentheses around the angle input to refer to its sine, like this: sin(f).

Definition 2.12 Sine of an Acute Angle.

. sin(9) = hypotenuse )
opposite opposite

hypotenuse

Example 2.13 Find the sine of the labeled angle in each triangle below.

Solution.

a The side opposite angle ¢ is 5, and the hypotenuse is 13, so the sine of ¢
is

sin(¢) = %, or approximately 0.3846

b The side opposite angle /3 is v/5, and the hypotenuse is 3, so the sine of /3
is

sin(B) = ?, or approximately 0.7454

Checkpoint 2.14

8.6

Find the sine of the labeled angle in the triangle
at right. Round your answer to 4 decimal places.

6.4

Answer. 0.7442
Caution 2.15

We must use the sides of a right triangle to calculate
the sine of an angle. For example, in the triangle at
right, sin(f) = %, because AABC is a right triangle.
It is not true that sin() = 2, or sin(f) = S. In this
chapter, we consider only right triangles.

Using a Calculator

Mathematicians have calculated the sines of any angle we like. The values of
the sine were originally collected into tables, and are now available on scientific
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calculators. For example, let’s find the sine of 50°. First, consider some triangles,
as shown below.

18

30° 50°

Which angle has the larger sine, 30° or 50°7

Do you expect the sine of 50° to be larger or smaller than the sine of 30°7
Do you expect the sine of 50° to be larger or smaller than 17

Example 2.16 Use your calculator to find the sine of 50° by entering
(50). (Make sure your calculator is set for degrees.) You should find that

sin(50°) = 0.7660444431

This is not an exact value; the sine of 50° is an irrational number, and your
calculator shows as many digits as its display will allow. (Not all sine values
are as “nice” as the sine of 30°!) Usually we round to four decimal places, so
we write

sin(50°) = 0.7660

O

Caution 2.17 Note that when you press the sine key, , your calculator
displays
sin (

with an open parenthesis, as the prompt to enter an angle, because the sine is
a function of the angle.

You can think of the notation sin as an operation symbol telling you to find
the sine of an angle, just as the symbol Na tells you to take the square root of
the expression under the radical.

Checkpoint 2.18

a Use your calculator to complete the table, rounding your answers to four
decimal places.

0 0° | 10° | 20° | 30° | 40° | 50° | 60° | 70° | 80° | 90°
sin(0)

b What do you notice about the values of sin(f) as 6 increases from 0° to
90°? If you plot the values of sin(f) against the values of 6, will the graph
be a straight line? Why or why not?

Answer.

a 0 0° 10° 20° 30° 40° 50° 60° 70° 0° 90°
sin(0) 0| 0.1737 | 0.3420 | 0.5 | 0.6428 | 0.7660 | 0.8660 | 0.9397 | 0.9848 1

b The values of sin(f) increase from 0 to 1 as € increases from 0° to 90°.
The graph will not be a straight line because the slopes between successive
points are not constant.

Note 2.19 The important thing to remember is that the sine of an angle, say
50°, is the same for any right triangle with a 50° angle, no matter what the
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size or orientation of the triangle.

The figure below shows three different right triangles with a 50° angle.

it
Although the sides of the triangle may be bigger or smaller, the ratio _OPPOSIE
hypotenuse

is always the same for that angle, because the triangles are similar. This is why
the sine ratio is useful.

50°
(>
/\ [ 0
. L. opposite
In each triangle, the ratio sin(50°) = ——— = 0.7660
hypotenuse

Using the Sine Ratio to Find an Unknown Side

In the next example we see how to use the sine ratio to find an unknown side
in a right triangle, knowing only one other side and one angle.

Example 2.20

Find the length of the side opposite the 50° 18 cm .
angle in the triangle shown. -
/\ O]
opposite
Solution. In this triangle, the ratio _OPPORE 4 equal to the sine of 50°, or
hypotenuse
opposite
sin(50°) = —PPOPE
hypotenuse

We use a calculator to find an approximate value for the sine of 50°, filling in
the lengths of the hypotenuse and the opposite side to get

x
0.7660 = 8

We solve for x to find
x = 18(0.7660) = 13.788

To two decimal places, the length of the opposite side is 13.79 centimeters. O

Caution 2.21 In the previous example, even though we showed only four
places in sin(50°), you should not round off intermediate steps in a calculation,
because the answer loses accuracy with each rounding. You can use the following
keystrokes on your calculator to avoid entering a long approximation for sin(50°):

sin (50) x 18

The calculator returns x = 13.78879998.
Checkpoint 2.22
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Find the length of the hypotenuse in the triangle x

7.5 m
shown.

Answer. 85m

The Cosine and the Tangent

There are two more trigonometric ratios used for calculating the sides of right
triangles, depending on which of the three sides is known and which are unknown.
These ratios are called the cosine and the tangent.

Suppose we’d like to find the height of a tall cliff without actually climbing
it. We can measure the distance to the base of the cliff, and we can use a
surveying tool called a theodolite to measure the angle between the ground and
our line of sight to the top of the cliff (this is called the angle of elevation).

These values give us two parts of a right triangle, .
as shown at right. The height we want is the side e .

. . . - cliff
opposite the angle of elevation. The distance .

to the base of the cliff is the length of the side _-~~
. . i N
adjacent to the angle of elevation.

angle of elevation

The ratio of the side opposite an angle to the side adjacent to the angle is
called the tangent of the angle. The abbreviation for “tangent of theta” is tan

(6).

Definition 2.23 Tangent of an Acute Angle.

tan(6) opposite opposite
an(f) = ————
adjacent [

adjacent

O

Just like the sine of an angle, the tangent ratio is always the same for a

given angle, no matter what size triangle it occurs in. And just like sin(0), we
can find the values of tan(f) on a scientific calculator.

Example 2.24
a Use your calculator to find the tangent of 58°.

b Find the height of the cliff if the angle of elevation to the top of the cliff
is 58° at a distance of 300 feet from the base of the cliff.

Solution.

a Enter (58) to find tan(58°) = 1.6003, rounded to four decimal places.

We use the tangent ratio to write an equation.
In this triangle, the angle is 58°.
b , cliff
tan(58°) — opPosme -
adjacent 4"
\angle of elevation
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Next we fill in the value of tan(58°), and the lengths of the sides.

h
1. - —

Solving for h gives
h = 300(1,6003) = 480.0

so the height of the cliff is about 480 feet.

Checkpoint 2.25

a

Use the tangent ratio to find z in the

triangle shown. 24.7°

50 ft

b Use the sine ratio to find the hypotenuse, c, of the triangle.

¢ Use the Pythagorean theorem to find the hypotenuse of the triangle. Do
you get the same answer with both methods? Can you explain why the
calculations might give (slightly) different answers?

Answer.
ax=231t
b ¢=551t

¢ The answers agree when rounded to units. Rounding during calculation
can cause the results to differ.
The third trigonometric ratio, called the cosine, is the ratio of the side
adjacent to an angle and the hypotenuse of the triangle.

Definition 2.26 Cosine of an Acute Angle.

hypotenuse
dj t
cos(0) = adjacen
hypotenuse l
adjacent
O
Example 2.27
8 in
Find sin(#), cos(f), and tan(f) for the tri-
angle shown at right. 6 in
0

Solution. First, we use the Pythagorean theorem to find the hypotenuse, c.

=6"+8
2 =536 = 84 = 100 Take square roots.
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c=+v100=10

For the angle 0, the opposite side is 8 inches long, and the adjacent side is 6
inches long, as shown in the figure. Thus,

opposite 8

inlf) = —— = — 0.8
sin(f) hypotenuse 10 o
cos(f) = _adjacent = o or 0.6

hypotenuse 10
it 8 _
tan(f) = LPC _ 2 op 13

~ adjacent 6

Activity 2.3 Sine and Cosine.

1 Use your calculator to complete the table. Round the values of sine and
cosine to four decimal places.

0 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
sin(6)
cos(0)

2 What do you notice about the values of sine and cosine? Can you explain
why this is true? (Hint: If one (non-right) angle of a right triangle
measures x degrees, how big is the other angle?)

3 Sketch a right triangle and label the opposite and adjacent sides for each
(non-right) angle.

Note 2.28 In the Activity, you should also notice that as the angle 8 increases,
sin(#) increases but cos(f) decreases.

You can see why this is true in the figure below. In each right triangle, the
hypotenuse has the same length. But as the angle increases, the opposite side
gets longer and the adjacent side gets shorter.

90° 40° 60°

The Three Trigonometric Ratios

Here is a summary of the three trigonometric ratios we have discussed.

Trigonometric Ratios.

If 0 is one of the angles in a right triangle,
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in(6) opposite
sin(f) = ——
hypotenuse hypotenuse )
. opposite
adjacent
cos(9) = hypotenuse 0
Ogiosite adjacent
tan(f) = ——
®) adjacent

These three definitions are the foundation for all the rest of trigonometry.
You should internalize them immediately!!

We must also be careful to apply these definitions of the trigonometric
ratios only to right triangles. In the next example, we create a right triangle
by drawing an extra line.

Example 2.29 The vertex angle of an isosceles triangle is 34°, and the equal
sides are 16 meters long. Find the altitude of the triangle.

Solution.

The triangle described is not a right triangle. However,
the altitude of an isosceles triangle bisects the vertex
angle and divides the triangle into two congruent right
triangles, as shown in the figure. The 16-meter side
becomes the hypotenuse of the right triangle, and the
altitude, h, of original triangle is the side adjacent to
the 17° angle.

16 m 17°\ 16 m
h

Which of the three trig ratios is helpful in this problem? The cosine is the
ratio that relates the hypotenuse and the adjacent side, so we’ll begin with the
equation

adjacent
cos(17°) = ———
s(17%) hypotenuse

We use a calculator to find cos(17°) and fill in the lengths of the sides.

h
0.9563 = 16

Solving for h gives
h =16(0.9563) = 15.3008

The altitude of the triangle is about 15.3 meters long. O

Checkpoint 2.30 Another isosceles triangle has base angles of 72° and equal
sides of length 6.8 centimeters. Find the length of the base.

Answer. 4 cm
Review the following skills you will need for this section.

Algebra Refresher 2.4

Write two more ratios equivalent to the given fraction.

10 9 6 3. 0.6 4. 1.5
4 -8

Compute the slope of the line.

1.
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. Y 6. Yy

/i x
7. 8.
> T
(7213)
> T
(3,-3)
Solve.
12
9. — =148 10. @280
x x
Algebra Refresher Answers
(Many answers are possible for 1-4.)
5 20 6 12 —6 3
12, = 4-, = — 10 °
27 8 4’ 8 7 5 0 4
, 3 12 5 2 o1
4’ 16 ) 2
3 12 —8 1
5w °% ’ 1
Section 2.2 Summary
Vocabulary
e Sine o Tangent o Adjacent side
e Cosine o Angle of elevation e Irrational number
Concepts

1 By using similar triangles, we can find the unknown sides of a right
triangle if we know only one side and one of the acute angles.

Trigonometric Ratios.

If 6 is one of the angles in a right triangle,

sin(6) = opposite
hypotenuse hypotenuse o
hypotenuse adjacent
__opposite

 adjacent
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3 The trigonometric ratio of an angle € is the same for every right triangle
containing the angle.
Study Questions

1 Sketch a figure that illustrates why cos(25°) is the same for every right
triangle with a 25° angle.

2 Sketch a figure that illustrates why cos(f) decreases as 6 increases from
0° to 90°.

3 Which trigonometric ratio would you use to find the hypotenuse of a right
triangle if you knew one acute angle and the side opposite that angle?

4 Does your calculator give you the exact decimal values for the trigono-
metric ratios of acute angles?

Skills

Practice each skill in the Homework Problems listed.

1 Use measurements to calculate the trigonometric ratios for acute angles
#1-10, 57-60

2 Use trigonometric ratios to find unknown sides of right triangles #11-26
3 Solve problems using trigonometric ratios #27-34, 41-46

4 Use trig ratios to write equations relating the sides of a right triangle
#35-40

5 Use relationships among the trigonometric ratios #47-56, 61-68

Homework 2.2

1.

Here are two right triangles with a 65° angle. B

a Measure the sides AB and BC with
a ruler. Use the lengths to estimate
sin(65°).

b Measure the sides AD and DE with
a ruler. Use the lengths to estimate
sin(65°).

¢ Use your calculator to look up sin(65°).
Compare your answers. How close were
your estimates?

C

2. Use the figure in Problem 1 to calculate two estimates each for the cosine
and tangent of 65°. Compare your estimates to your calculator’s values
for cos(65°) and tan(65°).

3. Here are two right triangles with a 40° angle.
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a Measure the sides AB and AC
with a ruler. Use the lengths to
estimate cos(40°).

b Measure the sides AD and AF
with a ruler. Use the lengths to 7
estimate cos(40°). E’_‘ 7 : o

¢ Use your calculator to look up
cos(40°). Compare your an- p
swers. How close were your es-
timates?
4. Use the figure in Problem 2 to calculate two estimates each for the cosine
and tangent of 40°. Compare your estimates to your calculator’s values
for sin(40°) and tan(40°).

Exercise Group. For the right triangles in Problems 5-10,

a Find the length of the unknown side.

b Find the sine, cosine, and tangent of §. Round your answers to four
decimal places.

5. 6. 7.

12
8. 9.
m

16
4B

w

10.

10 j

5
16 2y5 )
n: 2v3 '

Exercise Group. For Problems 11-16,

a Sketch and label the sides of a right triangle with angle 6.

b Sketch and label another right triangle with angle 6 and longer sides.

3 7 11
11. cos(f) = 3 12. tan(f) = 3 13. tan(f) = T
4 1
14, sin(0) = 15, sin(0) = 16. cos(0) :%

Exercise Group. For Problems 17-22, use one of the three trigonomet-
ric ratios to find the unknown side of the triangle. Round your answer to
hundredths.

17. 18. 19.
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20.

21. 22,

8!

Exercise Group. For Problems 23-26, sketch and label a right triangle with
the given properties.

23.
24.
25.
26.

One angle is 40°, the side opposite that angle is 8 inches
One angle is 65°, the side adjacent to that angle is 30 yards
One angle is 28°, the hypotenuse is 56 feet

One leg is 15 meters, the hypotenuse is 18 meters

Exercise Group. For Problems 27-34,

a Sketch a right triangle that illustrates the situation. Label your sketch
with the given information.

b Choose the appropriate trig ratio and write an equation, then solve the
problem.

27.

28.

29.

30.

31.

32.

33.

34.

To measure the height of cloud cover, airport controllers fix a searchlight
to shine a vertical beam on the clouds. The searchlight is 120 yards
from the office. A technician in the office measures the angle of
elevation to the light on the cloud cover at 54.8°. What is the height
of the cloud cover?

To measure the distance across a canyon, Evel first sights an interesting
rock directly opposite on the other side. He then walks 200 yards down
the rim of the canyon and sights the rock again, this time at an angle
of 18.5° from the canyon rim. What is the width of the canyon?

A salvage ship is searching for the wreck of a pirate vessel on the ocean
floor. Using sonar, they locate the wreck at an angle of depression of
36.2°. The depth of the ocean at their location is 260 feet. How far
should they move so that they are directly above the wrecked vessel?

Ramps for wheelchairs should be no steeper than an angle of 6°. How
much horizontal distance should be allowed for a ramp that rises 5
feet in height?

The radio signal from a weather balloon indicates that it is 1500 meters
from a meteorologist on the ground. The angle of elevation to the
balloon is 48°. What is the balloon’s altitude?

According to Chinese legend, around 200 BC the general Han Xin used
a kite to determine the distance from his location to an enemy palace.
He then dug a secret tunnel which emerged inside the palace. When
the kite was directly above the palace, its angle of elevation was 27°
and the string to the kite was 1850 feet long. How far did Han Xin’s
troops have to dig?

A cable car on a ski lift traverses a horizontal distance of 1800 meters
at an angle of 38°. How long is the cable?

Zelda is building the loft on her summer cottage. At its central point,
the height of the loft is 8 feet, and the pitch of the roof should be 24°.
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How long should the rafters be?

Exercise Group. For Problems 35-40, use a trig ratio to write an equation

for z in terms of 6.

38.

—

Exercise Group. For Problems 41-44, find the altitude of the triangle.
Round your answer to two decimal places.

41. 42.

/\
h
[ N\
44

Exercise Group. For Problems 45 and 46, find the length of the chord AB.
Round your answer to two decimal places.

D,

B

43.

Exercise Group. For Problems 47-50, fill in the table.
47. 48.

sin(\theta) | cos(\theta) | tan(\theta)

s sin(\theta) [ cos(\theta) | tan(\theta)
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49. 50.

sin(\theta) | cos(\theta) | tan(\theta)
3 sin(\theta) [ cos(\theta) | tan(\theta)

51.

a In each of the figures for Problems 47-50, what is the relationship
between the angles 6 and ¢?

b Study the tables for Problems 47-50. What do you notice about the
values of sine and cosine for the angles 6 and ¢? Explain why this is
true.

52. There is a relationship between the tangent, the sine, and the cosine of any
angle. Study the tables for Problems 47-50 to discover this relationship.
Write your answer as an equation.

53.
a Use the figure to explain what happens
to tan(f) as 0 increases, and why.
b Use the figure to explain what happens
to cos(f) as 6 increases, and why.
54.

a Fill in the table for values of tan(f). Round your answers to four
decimal places.

0 0° | 10° | 20° | 30° | 40° | 50° | 60° | 70° | 80°
tan(6)

b Fill in the table for values of tan(f). Round your answers to three
decimal places.

0 81° | 82° | 83° | 84° | 85° | 86° | 87° | 88° | 89°
tan(6)

¢ What happens to tan(f) as 6 increases?

d What value does your calculator give for tan(90°)? Why?

55. Explain why it makes sense that sin(0°) = 0 and sin(90°) = 1. Use a figure
to illustrate your explanation.

56. Explain why it makes sense that cos(0°) = 1 and cos(90°) = 0. Use a
figure to illustrate your explanation

Exercise Group. For Problems 57-60, explain why the trigonometric ratio
is not correct.
57. 58.

sm(9) = g 9 o tan(@) = ; ij
4
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59. 60.

21
COS(G) - 20 ﬁ Sln(e) - 10 10
8

21

69

Exercise Group. For Problems 61-64, sketch and label a right triangle, then

fill in the blank.
61.

a If sin(f) = 0.2358, then cos(90° — 0) =

3 .3
b If cos(a) = e then (90° — o) = 11
¢ If sin(42°) = n, then cos( ) =n.
d If cos(13°) = z, then sin( ) =z.
62.
If cos(8) = —, then sin(90° — )
a If cos(8) = —=, then sin -B) =
VT
b If sin(¢) = 0.693, then (90° — ¢) = 0.693.
¢ If cos(87°) = p, then sin( ) =p.
d If sin(59°) = w, then cos( ) = w.
63.
aIf'(qﬁ)*iad (qﬁ)*gth tan(¢) =
sin(¢) = 75 and cos(¢) = 7, then tan(¢) =
b If cos(5) 1 and sin(3) 5 then tan(f)
S = ——, and sin = —, n tan
V10 V10
2 V5
c If tan(B) = — and cos(B —, then sin(B
) - % B) = % ()
d If sin(W) = % and tan(W) ?, then cos(W)
64.
It cos(0) 2 nd sin() 5 then tan(0)
a If cos = — and sin = —, then tan
V10 5
b If sin(a) = g, and cos(a) = g, then tan(«)

¢ If tan(A4) = g and cos(A) = %, then sin(A)

d If sin(V) = ,/? and tan(V)

)

then cos(V)



CHAPTER 2. THE TRIGONOMETRIC RATIOS 70

65. Explain why the cosine of a 73° angle is always the same, no matter what
size triangle the angle is in. Illustrate your explanation with a sketch.

66.

a Use your calculator to fill in a table of values for cos(6), rounded to
hundredths.

0 0° | 15° | 30° | 45° | 60° | 75° | 90°

cos(0)

b If you plotted the points in your table, would they lie on a straight
line? Why or why not?

67.
Y
a What is the slope of the ling ]
through the origin and point P? P
b What is the tangent of the angle 67
¢ On the same grid, sketch an angle
whose tangent is 3 \‘6 z
\
68.

a Use your calculator to complete the

Yy
table. Rounded your answers to hun- 0
dredths.

8
0 14° [ 22° | 35° | 42° | 58° | 78°
tan(6) 6

b Use the values of tan(f) to sketch all 4
the angles listed in the table. Locate 2
the vertex of each angle at the origin,
and the initial side along the positive 2 4 6 8 10
T-axis.

2.3 Solving Right Triangles

Introduction

A triangle has six parts: three sides and three angles. In a right triangle, we
know that one of the angles is 90°. If we know three parts of a right triangle,
including one of the sides, we can use trigonometry to find all the other unknown
parts. This is called solving the triangle.

Example 2.31
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A 10 foot ladder is leaning againt a wall. If
the base of the ladder is too far from the wall,
the base can slide out. If the ladder base is too
close to the wall, there’s a risk that the ladder
could tip over backwards. For safety reasons,
the leaning ladder should make a 75° angle with 10 ft
the ground.

a How far should the base of the ladder be
from the wall?

=)

b How far up the wall will the top of the 7
ladder reach?

Solution.
1. The distance between the base of the ladder and the wall is the side

adjacent to the 75° angle. We can find the side adjacent to the 75° angle
angle by using the cosine ratio.

dj t
cos(75°) = _adjaceit
hypotenuse
b
2588 = —
0.2588 10

b =10(0.2588) = 2.588

The base of the ladder should be about 2.6 feet from the wall.

2. To find side how far up the wall the ladder will reach, we could use the
Pythagorean theorem now, but it is better to use given information, rather
than values we have calculated, to find the other unknown parts. We will
use the sine ratio.

w't
sin(75°) = _OPPOSTRC
hypotenuse
a
0.9659 = —
10

b= 10(0.9659) = 9.659

The ladder will reach about 9.7 feet.

Checkpoint 2.32 Sketch a right triangle with
e one angle of 37°,
o the side adjacent to that angle of length 5 centimeters.

Without doing the calculations, list the steps you would use to solve the triangle.

Answer. Use tan (37°) to find the opposite side. Use cos (37°) to find the
hypotenuse. Subtract 37° from 90° to find the third angle.

Finding an Angle

While watching her niece at the playground, Francine wonders how steep the
slide is. She happens to have a tape measure and her calculator with her, and
finds that the slide is 77 inches high and covers a horizontal distance of 136
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inches, as shown below.

-

77 in 77 in

136 in 136 in

Francine knows that one way to describe the steepness of an incline is to
calculate its slope, which in this case is

Ay 77
— = — = 0.5662
Azx 136 0566

However, Francine would really like to know what angle the slide makes with
the horizontal. She realizes that the slope she has just calculated is also the
tangent of the angle she wants.

If we know the tangent of an angle, can we find the angle? Yes, we can:
locate the key labeled tan™! on your calculator; it is probably the second
function above the key. Enter

0.5662

and you should find that
tan~'(0.5662) = 29.52°.

This means that 29.52° is the angle whose tangent is 0.5662. We read the
notation as "inverse tangent of 0.5662 is 29.52 degrees."
When we find tan~! of a number, we are finding an angle whose tangent
is that number. Similarly, sin~™! and cos™! are read as “inverse sine” and
“inverse cosine.” They find an angle with the given sine or cosine.

Example 2.33 Find the angle whose sine is 0.6834.
Solution. Enter 0.6834 into your calculator to find

sin~'(0.6834) = 43.11°
So 43.11° is the angle whose sine is 0.6834. Or we can say that
sin(43.11°) = 0.6834

You can check the last equation on your calculator. |

Note 2.34 In the last example, the two equations
sin(43.11°) = 0.6834 and sin~1(0.6834) = 43.11°
say the same thing in different ways.
sinl(x)‘ It is true that we
1

use negative exponents to indicate reciprocals of numbers, for example a=! = —
a

Caution 2.35 The notation sin~!(x) does not mean

1
and 37! = 3 But “sin” by itself is not a variable.
o sin~!(x) means “the angle whose sine is z”

——— means “the reciprocal of the sine of angle z”
sin(x)
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(You may recall that f~!(z) denotes the inverse function for f(z). We will
study trigonometric functions in Chapter 4.)

Checkpoint 2.36 Write the following fact in two different ways: 68° is the
angle whose cosine is 0.3746.

Answer. cos(68°) = 0.3746 or cos™!(0.3746) = 68°

Example 2.37 Find the angle of inclination of a hill if you gain 400 feet in
elevation while traveling half a mile.

Solution. A sketch of the hill is shown at right. (Recall that 1 mile = 5280

feet.)
, 400 2640

0 = sin~'(0.15) = 8.71°
The angle of inclination of the hill is about 8.7°. (]
Checkpoint 2.38

The tallest living tree is a coast redwood named
Hyperion, at 378.1 feet tall. If you stand 100
feet from the base of the tree, what is the angle
of elevation of your line of sight to the top of the
tree? Round your answer to the nearest degree.

Answer. 75°

The Special Angles

The trigonometric ratios for most angles are irrational numbers, but there are
a few angles whose trig ratios are “nice” values. You already know one of these
values: the sine of 30°. Because the sides of a right triangle are related by the
Pythagorean theorem, if we know any one of the trig ratios for an angle, we
can find the others.

Recall that the side opposite a 30° angle is half the length of the hypotenuse,

1
so sin(30°) = 3

The figure at right shows a 30-60-90 triangle with hy-
potenuse of length 2. The opposite side has length 1,
and we can calculate the length of the adjacent side.
12 4 p2 = 92
B =22-1*=3
b=V3

Now we know the cosine and tangent of 30°.

dj t it 1
cos(30°) = _acjacet _ @ tan(30°) = OPPORT® _ -
hypotenuse 2 adjacent /3

These are exact values for the trig ratios, but we can also find decimal
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approximations. Use your calculator to verify the following approximate values.

exact value approximation
3
cos(30°) = g ~ 0.8660
1
tan(30°) = — ~ 0.5774

V3

Caution 2.39 It is important for you to understand the difference between
exact and approximate values. These decimal approximations, like nearly all
the other trig values your calculator gives you, are rounded off. Even if your
calculator shows you ten or twelve digits, the values are not exactly correct --
although they are quite adequate for most practical calculations!

The angles 30°, 60°, and 45° are “special” because we can easily find exact
values for their trig ratios, and use those exact values to find exact lengths for
the sides of triangles with those angles.

Example 2.40 Matterhorn Chocolate bars are sold in boxes shaped like
triangular prisms. The two triangular ends of a box are equilateral triangles
with 8 centimeter sides. When stacking the boxes on a shelf, the second level
will be a triangle’s altitude above bottom level. Find the exact length of the
triangle’s altitude, h.

Solution.

The altitude divides the triangle into two 30-60-90
right triangles as shown in the figure. The altitude
is adjacent to the 30° angle, and the hypotenuse of
the right triangle is 8 centimeters. Thus,

dj t
cos (30°) = _adjacent Fill in the values.
hypotenuse
3 h
V3 _ 5 Multiply both sides by 8.
3
h=8 ({) — 43
The altitude is 41/3 centimeters long, which is approximately 6.9 cm. g

From this exact answer, we can find approximations to any degree of accuracy
we like. You can check that 4v/3 ~ 6.9282, so the altitude is approximately 6.9
centimeters long.

Checkpoint 2.41 Use the figure in the previous example to find exact values
for the sine, cosine, and tangent of 60°.

Answer. sin(60°) = ?, cos(60°) = %, tan(60°) = /3

There is one more special angle: 45°. We find the trig ratios for this angle
using an isosceles right triangle. Because the base angles of an isosceles triangle
are equal, they must both be 45°.

The figure shows an isosceles right triangle with equal sides of length 1. You
can use the Pythagorean theorem to show that the hypotenuse has length /2,
so the trig ratios for 45° are
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. o opposite 1
45°) = ——— = — = 0.7071
sin(45%) hypotenuse 2
adjacent 1
45°) = ————— = — ~ 0.7071
cos(45%) hypotenuse 2
it
tan(45°) = % —
adjacent

The Trigonometric Ratios for the Special Angles

Here is a summary of the trig ratios for the special angles.

Trigonometric Ratios for the Special Angles

Angle Sine Cosine Tangent
1 1
30° o5 | B oses0 | L ~osma
2 2 73
) T
45° | — ~0.7071 | — ~ 0.7071 1
V2 V2
3 1
60° g ~0.8600 | =05 V3~ 1.732

You should be familiar with the exact values for these trig ratios. A good way
to remember them is to know the two special triangles shown below. From
these triangles, you can always write down the three trig ratios for the special
angles.

V3

You should also be able to recognize their decimal approximations.

Note 2.42 We can use the special angles as benchmarks for estimating and
mental calculation. For example, we know that sin (60°) =~ 0.8660, so if sin
(#) = 0.95 for some unknown angle 6, we know that § > 60°, because as 6
increases from the sine of # increases also.

3
Example 2.43 If cos(a) > g, what can we say about a7

Solution. As an angle increases from 0° to 90°, its cosine decreases. Now,

cos(30°) = ?, so if cos(a) > ?, then o must be less than 30°. O
Checkpoint 2.44 If 1 < tan(f) < v/3, what can we say about 37
Answer. 45° < 3 < 60°
Review the following skills you will need for this section.
Algebra Refresher 2.5
Simplify.

L V2V2 9 3. V8 3

Sl
w

=~
|
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Rationalize the denominator.

76

1 6 4
5., — 6. — 7. — 8. —
V2 V3 V3 V8
Algebra Refresher Answers
2
12 3 2v2 5 g 72V3
2
2 V3 V3 6 2/3 5 V3
2 3
Section 2.3 Summary
Vocabulary
e Solve a triangle o Inverse tangent e Decimal approxi-
mation

o Inverse sine

o Inverse cosine

Concepts

o Special angles

« Exact value

1 If we know one of the sides of a right triangle and any one of the other
four parts, we can use trigonometry to find all the other unknown parts.

2 If we know one of the trigonometric ratios of an acute angle, we can find
the angle using the inverse trig key on a calculator.

3 The exact values of trigonometric ratios of the special angles should be

memorized.
Angle Sine Cosine Tangent
30° % =0.5 ? ~ 0.8660 % ~ 0.5774
45° % ~ 0.7071 % ~ 0.7071 1
60° ? ~ 0.8660 % =0.5 V3~ 1.732

4 You can remember the trig values for the special angles if you know two
triangles:

60°

30°

V3

5 For the trigonometric ratios of most angles, your calculator gives approxi-
mations, not exact values.

Study Questions

1 How many parts of a right triangle (including the right angle) do you
need to know in order to solve the triangle?

2 Why is it better to use the given values when solving a triangle, rather
than values you have calculated?
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3 What is the sin~! (or cos™! or tan~1) button on the calculator used for?

4 Which are the "special" angles, and why are they special?
Skills
Practice each skill in the Homework Problems listed.

1 Solve a right triangle #1-16, 63-74

2 Use inverse trig ratio notation #17-34

3 Use trig ratios to find an angle #17-22, 35-38

4 Solve problems involving right triangles #35-48

5 Know the trig ratios for the special angles #49-62, 75-78

Homework 2.3

In these Homework Problems, we use the following B
standard notation for a right triangle: in AABC, ¢ a
/C is a right angle. The side opposite ZC' has

length ¢, and so on. (See the figure at right.) A ; C

Exercise Group. For Problems 1-4, solve the triangle. Round answers to
hundredths.

1. 2.
4
B 29° A C o - B
14 '
¢ A

3. 4.

A C

N\ f\
299 71°
¢ B B 120 A

Exercise Group. For Problems 5-10,
a Sketch the right triangle described.

b Solve the triangle.

5. A=42°, c=26 6. B=28°,¢c=68 7. B=33° a=
300
8. B=79°, a= 9. A=12°, a=4 10. A=50° a=10
116

Exercise Group. For Problems 11-16,
a Sketch the right triangle described.

b Without doing the calculations, list the steps you would use to solve the
triangle.
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11. B=53.7°, b=8.2 12. B =80°, a = 250
13. A=25° b=40 14. A=15° c=62
15. A =64.5° c=24 16. B=44° b=0.6

Exercise Group. For Problems 17-22, find the labeled angle. Round your

answer to tenths of a degree.

17. 18

N

Exercise Group. For Problems 23-28, evaluate the expression and sketch a
right triangle to illustrate.

23. sin~1(0.2) 24. cos™1(0.8) 25. tan~1(1.5)
26. tan~!(2.5) 27. cos~1(0.2839) 28. sin~!(0.4127)

Exercise Group. For Problems 29-32, write two different equations for the
statement.

29. The cosine of 15° is 0.9659.

30. The sine of 70° is 0.9397.

31. The angle whose tangent is 3.1445 is 65°.

32. The angle whose cosine is 0.0872 is 85°.
33. Evaluate the expressions, and explain what each means.

in=1(0.6), (sin6°)!

34. Evaluate the expressions, and explain what each means.
0s71(0.36), (cos36°)7!
Exercise Group. For Problems 35-38,

a Sketch a right triangle that illustrates the situation. Label your sketch
with the given information.

b Choose the appropriate trig ratio and write an equation, then solve the
problem.

35. The gondola cable for the ski lift at Snowy Peak is 2458 yards long
and climbs 1860 feet. What angle with the horizontal does the cable
make?

36. The Leaning Tower of Pisa is 55 meters in length. An object dropped
from the top of the tower lands 4.8 meters from the base of the tower.
At what angle from the horizontal does the tower lean?

37. A mining company locates a vein of minerals at a depth of 32 meters.
However, there is a layer of granite directly above the minerals, so
they decide to drill at an angle, starting 10 meters from their original
location. At what angle from the horizontal should they drill?
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38.

The birdhouse in Carolyn’s front yard is 12 feet tall, and its shadow
at 4 pm is 15 feet 4 inches long. What is the angle of elevation of the
sun at 4 pm?

Exercise Group. For Problems 3942,

a Sketch the right triangle described.

b Solve the triangle.

39.
41.

a=18, b=26 40. a =35, b=27
b=10.6, ¢ =19.2 42. a =88, c =132

Exercise Group. For Problems 4348,

a Make a sketch that illustrates the situation. Label your sketch with the
given information.

b Write an equation and solve the problem.

43.

44.

45.

46.

47.

48.

The Mayan pyramid of El Castillo at Chichen Itza in Mexico has 91
steps. Each step is 26 cm high and 30 cm deep.

i What angle does the side of the pyramid make with the horizon-
tal?

ii What is the distance up the face of the pyramid, from base to
top platform?

An airplane begins its descent when its altitude is 10 kilometers. The
angle of descent should be 3° from horizontal.

i How far from the airport (measured along the ground) should
the airplane begin its descent?

ii How far will the airplane travel on its descent to the airport?

A communications satellite is in a low earth orbit (LOE) at an altitude
of 400 km. From the satellite, the angle of depression to earth’s horizon
is 19.728°. Use this information to calculate the radius of the earth.
The first Ferris wheel was built for the 1893 Chicago world’s fair. It
had a diameter of 250 feet, and the boarding platform, at the base of
the wheel, was 14 feet above the ground. If you boarded the wheel
and rotated through an angle of 50°, what would be your height above
the ground?

To find the distance across a ravine, Delbert takes some measurements
from a small airplane. When he is a short distance from the ravine
at an altitude of 500 feet, he finds that the angle of depression to the
near side of the ravine is 56°, and the angle of depression to the far
side is 32°. What is the width of the ravine? (Hint: First find the
horizontal distance from Delbert to the near side of the ravine.)

The window in Francine’s office is 4 feet wide and 5 feet tall. The
bottom of the window is 3 feet from the floor. When the sun is at an
angle of elevation of 64°, what is the area of the sunny spot on the
floor?

49. Which of the following numbers are equal to cos(45°)?

V2 b d V2

SN

Sl
Sl
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50. Which of the following numbers are equal to tan(30°)?

a V3 b 1 @ d 3
V3 © 73 V3
51. Which of the following numbers are equal to tan(60°)?
a V3 p L V3 42
V3 © 73 V3

52. Which of the following numbers are equal to sin(60°)?

3 V3 vz 2
G b5 <% 1
Exercise Group. For Problems 53-58, choose all values from the list below
that are exactly equal to, or decimal approximations for, the given trig ratio.

(Try not to use a calculator!)

sin(30°) cos(45°) sin(60°) tan(45°) tan(60°)
0.5000 0.5774 0.7071 0.8660 1.0000
€ 2 3 1 v2
V2 V2 ﬁ 2 \2[
1 2 3 3
- - = 3 -
/3 /3 2 V3 3
53. cos(30°) 54. sin(45°) 55. tan(30°)
56. cos(60°) 57. sin(90°) 58. cos(0°)

59. Fill in the table from memory with exact values. Do you notice any
patterns that might help you learn the values?

0 0° 30° 45° 60° 90°
sin(6)
cos(6)
tan(9)

60. Fill in the table from memory with decimal approximations to four places.

0 0° 30° 45° 60° 90°
sin(6)

cos(6)
tan(0)

Exercise Group. For Problems 61 and 62, compare the given value with
the trig ratios of the special angles to answer the questions. Try not to use a
calculator.

61. Is the acute angle larger or smaller than 45°7

a sin(a) = 0.7 b tan(f) =1.2 ¢ cos(y) = 0.65
62. Is the acute angle larger or smaller than 60°7

a cos(f) = 0.75 b tan(¢) =1.5 ¢ sin(yp) = 0.72

Exercise Group. For Problems 63-72, solve the triangle. Give your answers
as exact values.
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63. 64.
B B
C
a
6 _
A\ [
a A 6 C
/) [
A b C
65. 66.

67.

69.

71.

73.

a Find the perimeter of a regular hexagon
if the apothegm is 8 cm long. (The
apothegm is the segment from the cen-
ter of the hexagon and perpendicular
to one of its sides.)

b Find the area of the hexagon. ]
74.

81
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75.

76.

77.

78.

B
Triangle ABC is equilateral, and its angle bi- 6
sectors meet at point P. The sides of AABC
are 6 inches long. Find the length of AP.
A C

Find an exact value for the area of each triangle.

4 cm 4 cm 4 cm
a Am b« c A

10 cm 10 ¢cm 10 cm

Find an exact value for the perimeter of each parallelogram.

10 cm 10 cm

a Find the area of the outer square.
A
b Find the dimensions and the area of the m
inner square.
¢ What is the ratio of the area of the outer *M™ [15°
square to the area of the inner square?
a Find the area of the inner square.
b Find the dimensions and the area of the
outer square.
¢ What is the ratio of the area of the outer 30°
square to the area of the inner square?

2.4 Chapter 2 Summary and Review

Key Concepts

1

The longest side in a triangle is opposite the largest angle, and the shortest
side is opposite the smallest angle

Triangle Inequality: In any triangle, the sum of the lengths of any two
sides is greater than the length of the third side.

Pythagorean Theorem: In a right triangle with hypotenuse ¢, a’ +
b? = 2.

If the sides of a triangle satisfy the relationship a® + b> = ¢2, then the
triangle is a right triangle.

By using similar triangles, we can find the unknown sides of a right
triangle if we know only one side and one of the acute angles.
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Trigonometric Ratios.

If 6 is one of the angles in a right triangle,

in(6) opposite
sin(f) = ———
hypotenuse hypotenuse it
adjacent OPPOSIEe
cos(f) = [Tepv— [
ypo (?tnuse adjacent
opposite
tan(f) = ——
) adjacent

7 The trigonometric ratio of an angle @ is the same for every right triangle
containing the angle.

8 If we know one of the sides of a right triangle and any one of the other
four parts, we can use trigonometry to find all the other unknown parts.

9 If we know one of the trigonometric ratios of an acute angle, we can find
the angle using the inverse trig key on a calculator.

10 The exact values of trigonometric ratios of the special angles are useful

benchmarks.
Trigonometric Ratios for the Special Angles
Angle | Sine | Cosine Tangent
1 3 1
g0 | L] V3 L
2 2 V3
I I
45° — — 1
V2 V2
3 1
60° — = 3
2 2 V3

11 You can remember the trig values for the special angles if you memorize
two triangles:

60°

30°
A O V3

1

12 For the trigonometric ratios of most angles, your calculator gives approxi-
mations, not exact values.

Chapter 2 Review Problems

Exercise Group. For Problems 1-6, explain why the description of AABC
is impossible.

1. A< B<C(C,and B=093° 2. A< B<C(C,and C =58°

3. a<b<c and C =58° 4. a<b<c,and B =93°

5. A=280° B=50° b=4,and c=6
6. a=23, b=28, c=55,and A = 30°

Exercise Group. For Problems 7 and 8, sketch the triangle.
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7. The three angles of a triangle are 20°,50°,and 110°, and the three
sides are 15 cm, 6.7 cm, and 18.4 cm. Sketch and label the triangle.

8. Sketch and label an isosceles triangle with sides 5 in and 12 in, and
one angle 78°.

Exercise Group. For Problems 9-12, find the unknown side of the right
triangle.

9. 10.
72 b
a 65 88 105
11. 12.
1
c 39 s J d
168
65

13. A triangle has sides of length 33, 56, and 65. Is it a right triangle?
14. A triangle has sides of length 22.5, 27.2, and 35.3. Is it a right triangle?
15.

Find the angle between the diagonal
of a cube and the diagonal of one of
the sides. (See the figure at right.)

0
16.
Find the angle between the diagonal
of a cube and one edge. (See the
figure at right.)
0
17.
. 3
In the triangle shown, cos(f) = —. Can .
we conclude that a = 3 and ¢ = 57 Give b
two other possibilities for the values of a
and c. “
18.
. 5
In the triangle shown, tan(f) = =. Can
we conclude that @ =5 and b = 37 Give ¢ b
two other possibilities for the values of a
and b.

Exercise Group. For Problems 19-22,
a Find the unknown side.

b Find the sine, cosine, and tangent of 8. Round your answers to four
decimal places.
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54 [}l
67
23
0
Yy 16

Exercise Group. For Problems 23-28 find the unknown side of the triangle.
Round your answer to hundredths.

24. 25.

‘ </

36

‘ i
V . A

Exercise Group. For Problems 29-32 solve the triangle. Give exact values.
29. 30.

A C
A q =
l 14
B

31. 32.

45
Q

33.
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34.

35.

36.

37.

38.

39.

40.

41.

diameter

Find the diameter of a hex nut if one of the
sides is 1.5 cm.

Find the long edge of the trapezoidal block
of height 3 centimeters.

If a stop sign is 80 centimeters across, what
is the radius of a circle that circumscribes
the stop sign?

The Pentagon, which houses the U.S. Depart-
ment of Defense, is in the shape of a regular
pentagon. Each of the five outer walls is 921.6
feet long. What is the shortest distance from
one of the outer walls to the opposite vertex
of the pentagon?

A building casts a 12 meter shadow. At that moment, the sun is 53° above
the horizon. How tall is the building?

A ramp is rising at an angle 25° from horizontal. What is the distance
(along the ramp) from the base of the ramp to the point on the ramp that
is 1 meter higher than the base of the ramp?

A baseball diamond is a square with sides 90 feet long. The corners are
called (in clockwise order) first base, second base, third base, and home
plate. The sides are called baselines. A runner is on the baseline between
first and second base, 20 feet from second base. How far is the runner
from home plate? What is the angle between the baseline from home plate
to first base and the line from home plate to the runner?

A runner is on the baseline between second and third base, 10 feet from
second base. How far is the runner from home plate? What is the angle
between the baseline from home plate to third base and the line from home
plate to the runner?

Let I be the line that passes through the origin and the point (4,7). Let 0
be the angle that | makes with the positive x-axis.

a Find the value of . Hint: Draw the triangle with vertices at the
origin, (4,7), and (4,0), labeling the angle at the origin §. What is
tan(6) ?)

b Let I’ be any line parallel to I. Find the measure of the acute angle
that I’ makes with the positive z-axis.

¢ What is the slope of the line [ ? How is it related to tan(6) ?
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42. Let [ be the line that passes through the origin and the point (a,b), where
a and b are positive numbers. Let 6 be the angle that [ makes with the
positive z-axis.

a Find the value of #. Hint: Draw the triangle with vertices at the
origin, (a,b), and (a,0), labeling the angle at the origin #. What is
tan(6) ?)

b What is the slope of the line | 7 How is it related to tan 6?

¢ Let I’ be any line parallel to I. How is the slope of the line I’ related
to tan(6)?
43.
The figure illustrates the Pythagorean theorem.

a What is the area of the whole square? c

b What is the side of the smaller interior a b0

square? What is its area?
C b C
¢ What is the area of one of the right trian- b

gles? a Q

d Add the areas of the four triangles and the c
smaller square to obtain another expression
for the area of the whole square.

44.

The figure illustrates a proof of the HN_D
Pythagorean theorem given by Euclid. It

shows that the area of the square on the E
hypotenuse AB is the sum of the areas B

of the squares on legs BC and AC. We G

first draw a line segment from point C
perpendicular to the hypotenuse AB to C A
meet the far side of the square on the
hypotenuse. This segment meets AB at
G and the opposite side of the square at
D. F

a How does the area of AACFE compare with the area of AABFE 7
(Hint: Show that the triangles are congruent.)

b How does the area of AABF compare with the area of the square
on AC? (Hint: Consider AF to be the base of the triangle. What is
the height?)

¢ How does the area of AACFE compare with the area of the rectangle
AGDE ? (Hint: Consider AE to be the base of the triangle. What
is the height?)

d Explain why the area of the square on AC equals the area of the
rectangle AGDE.

e An argument similar to parts (a)—(d) will show that the area of the
square on BC' equals the area of the rectangle BGDH. Explain how
writing the area of the square on AB as the sum of the areas of two
rectangles gives the Pythagorean theorem.



Chapter 3

Laws of Sines and Cosines

¢ Obtuse Angles
e The Law of Sines

¢ The Law of Cosines

South ok S

The first science developed by humans is probably astronomy. Before the
invention of clocks and calendars, early people looked to the night sky to help
them keep track of time. What is the best time to plant crops, and when will
they ripen? On what day exactly do important religious festivals fall?

By tracking the motions of the stars, early astronomers could identify the
summer and winter solstices and the equinoxes. The rising and setting of certain
stars marked the hours of the night.

If we think of the stars as traveling on a dome above the Earth, we create
the celestial sphere. Actually, of course, the Earth itself rotates among the
stars, but for calculating the motions of heavenly objects, this model works
very well.

Babylonian astronomers kept detailed records on the motion of the planets,
and were able to predict solar and lunar eclipses. All of this required familiarity
with angular distances measured on the celestial sphere.

To find angles and distances on this imaginary sphere, astronomers invented

88
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techniques that are now part of spherical trigonometry. The laws of sines
and cosines were first stated in this context, in a slightly different form than
the laws for plane trigonometry.

On a sphere, a great-circle lies in a plane passing through the sphere’s
center. It gives the shortest distance between any two points on a sphere, and
is the analogue of a straight line on a plane. A spherical angle is formed where
two such arcs intersect, and a spherical triangle is made up of three arcs of
great circles.

The spherical law of sines was first introduced in Europe in 1464 by Johann
Miiller, also known as Regiomontanus, who wrote:

"You, who wish to study great and wondrous things, who wonder about the
movement of the stars, must read these theorems about triangles. ... For no
one can bypass the science of triangles and reach a satisfying knowledge of the
stars."

3.1 Obtuse Angles

The town of Avery lies 48 miles due east of Baker, and Clio is 34 miles from
Baker, in the direction 35° west of north. How far is it from Avery to Clio?

We know how to solve right triangles using
the trigonometric ratios. But the triangle
formed by the three towns is not a right
triangle, because it includes an obtuse angle
of 125° at B, as shown in the figure.

A triangle that is not a right triangle is called an oblique triangle. In this
chapter we learn how to solve oblique triangles using the laws of sines and
cosines. But first we must be able to find the sine, cosine, and tangent ratios
for obtuse angles.

Angles in Standard Position

To extend our definition of the trigonometric ratios to obtuse angles, we use
a Cartesian coordinate system. We put an angle ¢ in standard position as
follows:

o Place the vertex at the origin with the initial side on the positive x-axis;

e the terminal side opens in the counter-clockwise direction.
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e We choose a point P on the terminal side of the angle, and form a right
triangle by drawing a vertical line from P to the x-axis.

The length of the side adjacent to 6 is the z-coordinate of point P, and
the length of the side opposite is the y-coordinate of P. The length of the
hypotenuse is the distance from the origin to P, which we call r. With this
notation, our definitions of the trigonometric ratios are as follows.

Coordinate Definitions of the Trigonometric Ratios.

e cos(f) = % P(z,y)
. sin(6) :% y
o tan(f) = % ____________ J:i_,

It doesn’t matter which point P on the termi-
nal side we use to calculate the trig ratios. If
we choose some other point, say P’, with coor-
dinates (2’,y’), as shown at right, we will get P(z,y)
the same values for the sine, cosine and tan-
gent of §. The new triangle formed is similar
to the first one, so the ratios of the sides of the (K
new triangle are equal to the corresponding O
ratios in the first triangle.

Example 3.1 Find the values of cos (6), sin (), and tan (@) if the point (12, 5)
is on the terminal side of 6.

Solution. For the point P(12,5), we have x = 12 and y = 5. We use the
distance formula to find r.

P(z',y')

<

b - =

b - - - — -

N

Q
m/

r=+/(2-0)2+(5-0)2
= /25 + 144 = /169 = 13

The trig ratios are

A
12 (12,5)
COS(Q) = ; = TB :
y _ 5 . Y
Sln(@) = ; = T3 0 : ‘
y _ 9 -

O

Note 3.2 In the previous Example, we get the same results by using the triangle
definitions of the trig ratios. We create a right triangle by dropping a vertical
line from P to the z-axis, as shown in the figure. The legs of the right triangle
have lengths 12 and 5, and the hypotenuse has length 13.

Checkpoint 3.3
a Find the equation of the terminal side of the angle in the previous example.

(Hint: The terminal side lies on a line that goes through the origin and
the point (12,5).)
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b Show that the point P’(24,10) also lies on the terminal side of the angle.
¢ Compute the trig ratios for 6 using the point P’ instead of P.

Answer.

5

ayzﬁz

5 5
b (24, 10) satisfies y = 7% that is, the equation 10 = E(M) is true.

c r2 =242 4+ 10 = 676, so r = v/676 = 26. Then

x 24 12
coslt) =7 =%~ 13
. Y 10 5
sin() = =5~ 13

y 10 )
tan() =T =31 =13

Activity 3.1 Obtuse Angles.
Recall that an obtuse angle has measure between 90° and 180°. Use the
coordinate definitions of the trig ratios described above to complete the Activity.

Y
A

1 a Draw an angle 6 in standard position with the point P(6,4) on its
terminal side.

b Find r, the distance from the origin to P.

¢ Calculate sin(#), cos(f), and tan(¢). Give both exact answers and
decimal approximations rounded to four places.

d Use the inverse cosine key on your calculator to find 8. Use your
calculator to verify the values of sin(), cos(f), and tan(f) that you
found in part (3).

2 a Draw another angle ¢ in standard position with the point Q(—6,4)
on its terminal side.

b Explain why ¢ is the supplement of 6. (Hint: Consider the right
triangles formed by drawing vertical lines from P and Q.)

¢ Can you use the right triangle definitions (using opposite, adjacent
and hypotenuse) to compute the sine and cosine of ¢? Why or why
not?

d Calculate sin(¢), cos(¢), and tan(¢) using the coordinate definitions.
How are the trig values of ¢ related to the trig values of 67

3  a Explain why 8 and ¢ have the same sine but different cosines.
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b Use the inverse cosine key on your calculator to find ¢. Use your
calculator to verify the values of sin(¢), cos(¢), and tan(¢) that you
found above.

¢ Compute 180° — ¢. What answer should you expect to get?

Trigonometric Ratios for Obtuse Angles

Our new definitions for the trig ratios work just as well for obtuse angles, even
though 6 is not technically “inside” a triangle, because we use the coordinates
of P instead of the sides of a triangle to compute the ratios.

Notice first of all that because z-coordinates are negative in the second
quadrant, the cosine and tangent ratios are both negative for obtuse angles.
For example, in the figure below, the point (—4,3) lies on the terminal side of

the angle 8. We see that r=./(—4)2+32=5 | so

F(-4,3)
cos(f) = % = ?4 i
1 7
sin(9) = £ = g y§ H
y 3 -3 ‘
tan(9)=;=_—4:T 0 12 \

Example 3.4 Find the values of cos () and tan (6) if 6 is an obtuse angle
1

with sin() = 3

Solution. Because 6 is obtuse, the terminal side of the angle lies in the second

1
quadrant, as shown in the figure below. Because sin(f) = 37 we know that

1
L 37 S0 we can choose a point P with y = 1 and r» = 3. To find cos (#) and
r

tan () we need to know the value of x. From the Pythagorean Theorem,

a? 4172 =37
z2=32-12=38
r=—V8

Remember that x is negative in the second quadrant! Thus

cos(f) = - _T\/g and  tan(f) = Ea %
T x

Y

Checkpoint 3.5

a Sketch an obtuse angle § whose cosine is T
b Find the sine and the tangent of 6.

Answer.

(—8,15) . 15 —15
b sin(f) = T tan(6) = =
a 17
0
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Using a Calculator

In the Examples above, we used a point on the terminal side to find exact
values for the trigonometric ratios of obtuse angles. Scientific and graphing
calculators are programmed with approximations for these trig ratios.

Example 3.6 Find the sine and cosine of 130°. Compare to the sine and cosine
of 50°.

Solution. Using a calculator and rounding the values to four places, we find

sin(130°) = 0.7660 and  cos(130°) = —0.6428
sin(50°) = 0.7660  and cos(50°) = 0.6428

We see that sin(130°) = sin(50°) and cos(130°) = — cos(50°). This result
should not be surprising when we look at both angles in standard position, as
shown below.

(77373/) A (x:y)
The angles 50° and 130° are supple- ) g
mentary. The right triangles formed by | |
choosing the points (x,y) and (—z,y) E 4 130° 7 E
on their terminal sides are congruent ' '
triangles. i—| £0° |—i -

Consequently, the trigonometric ratios for 50° and for 130° are equal, except
that the cosine of 130° is negative. ]

Checkpoint 3.7 Use your calculator to fill in the table. Round to four decimal
places.

0 cos(6) sin(6) 180° — 6 | cos(180° — 6) | sin(180° — 6)
10°
20°
30°
40°
50°
60°
70°
80°
Answer.

0 cos(f) sin(0) 180° — 6 | cos(180° —6) | sin(180° — 6)
10° 0.9848 0.1736 170° —0.9848 0.1736
20° 0.9397 0.3420 160° —0.9397 0.3420
30° 0.8660 0.5 150° 0.8660 -0.5
40° 0.7660 0.6428 140° —0.7660 0.6428
50° 0.6428 0.7660 130° —0.6428 0.7660
60° 0.5 0.8660 120° -0.5 0.8660
70° 0.3420 0.9397 110° —0.9397 0.3420
80° 0.1736 0.9848 100° —0.9848 0.1736

Trigonometric Ratios for Supplementary Angles

The Examples above illustrate the following equations for supplementary angles.
These three equations are called identities, which means that they are true
for all values of the variable 6.
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Trigonometric Ratios for Supplementary Angles.

e c0s(180° — 6) = —cos b
o sin(180° — #) = siné

o tan(180° —§) = —tané

Caution 3.8 Because of these relationships, there are always two (supplemen-
tary) angles between 0° and 180° that have the same sine. Your calculator will
only tell you one of them, so you have to be able to find the other one on your
own! Fortunately, this is not difficult.

Example 3.9 Find two different angles 6, rounded to the nearest 0.1°, that
satisfy sin(f) = 0.25.
Solution. To find an angle with sin(f) = 0.25, we calculate § = sin—1(0.25).
With the calculator in degree mode, we press
025

and find that one angle is § ~ 14.5°. We draw this acute angle in standard
position in the first quadrant, and sketch in a right triangle as shown below.
There must also be an obtuse angle whose sine is 0.25. To see the second angle,
we draw a congruent triangle in the second quadrant as shown.

The supplement of 14.5°, namely 8 = 180° — 14.5° = 165.5°, is the obtuse
angle we need. Because the ratio Yy is the same for both triangles, they have
the same sine. " ]
Checkpoint 3.10 Find two different angles 6 that satisfy sin(f) = 0.5.
Answer. 6 =30°, 6= 150°

Because there are two angles with the same sine, it is easier to find an
obtuse angle if we know its cosine instead of its sine.

Example 3.11

Find the angle shown at right.

\}

Solution. Using x = —3 and y = 4, we find

r=v324+42=v25="5

1

-3
so cos(f) = - = and § = cos™ . We can enter
T

5
(204) (€8] -3 (=] 5 (1 ) [ENTER)

to see that 6 ~ 126.9°. |
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Caution 3.12 In the previous example, you might notice that tan(f) = —

and try to find by calculating tan~! (3) . However, if we press
1=)3
the calculator returns an angle of 6 = —53.1°. It is true that tan(—53.1°) =

—4
——, but this is not the obtuse angle we want.

—3.4
A (-3,
We also know that sin @ = —, and if we press

5
(204)(S1N) 4 (=) 5 () ) [ENTER) !

we get 6 ~ 53.1°. i—|

3

This is the acute angle whose terminal side passes through the point (3,4),
as shown in the figure above. The angle we want is its supplement, 6 ~
180° — 53.1° = 126.9°.

Checkpoint 3.13
a Find the cosine of an obtuse angle with tan(f) = —2 .

b Find the angle 0 in part (a).
Answer.

-1 b 6 ~ 116.565°

a ——

NG
Supplements of the Special Angles

In Chapter 2 we learned that the angles
30°,45° and 60° are useful because we
can find exact values for their trigono-
metric ratios. The same is true for the
supplements of these angles in the sec-
ond quadrant, shown at right.

150°

Example 3.14 Find exact values for the trigonometric ratios of 135°.

Solution. We sketch an angle of § = 135° in standard position, as shown
below. The terminal side is in the second quadrant and makes an acute angle
of 45° with the negative z-axis, and passes through the point (—1,1). Thus,

r=+/(—1)2+12 = v/2 , and we calculate

(-1,1) A
cos(135°) = £ = L
V2
V2
sin(135°) = ¥ = =
T2 135°
tan(135°) = % - _Ll — 1 152N )

O

Checkpoint 3.15 Find exact values for the trigonometric ratios of 120° and
150°.

Answer.
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0 cos(6) | sin(f) | tan(0)
-1 V3
1200 — | X2 | -
0 %f 5 V3
150° —V3 1 -1
2 2 V3

We can also find the trig ratios for the quadrantal angles. These are the
angles, including 0°, 90° and 180°, whose terminal sides lie on one of the axes.

Example 3.16 Find exact values for the trigonometric ratios of 90°.
Solution.

The terminal side of a 90° angle in standard position is
the positive y-axis. If we take the point P(0,1) on the
terminal side as shown at right, then = 0 and y = 1.
Although we don’t have a triangle, we can still calculate
a value for r, the distance from the origin to P.

r=+v02+12=1

Our coordinate definitions for the trig ratios give us

(0,1)

cos(90°) = % = % and  sin(90°) = % =
so ¢os(90°) =0 and sin(90°) =1 . Also, tan(90°) = = = — | so tan(90°) is
undefined. |
Checkpoint 3.17 Find exact values for the trigonometric ratios of 180°.

Answer. cos(180°) = —1, sin(180°) =0, tan(180°) =0

8

The Area of a Triangle

The figure below shows part of the map for a new housing development, Pacific
Shores. You are interested in the corner lot, number 86, and you would like
to know the area of the lot in square feet. The sales representative for Pacific
Shores provides you with the dimensions of the lot, but you don’t know a
formula for the area of an irregularly shaped quadrilateral.
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It occurs to you that you can divide the quadrilateral 114.8 ft
into two triangles, and find the area of each. Now,

you know a formula for the area of a triangle in 161 £t

terms of its base and height, namely, 120.3 ft
1
A = -bh,
2 141 ft

but unfortunately, you don’t know the height of either triangle.

However, you can easily measure the angles at the corners of the lot using
the plot map and a protractor. You can check the values on the plot map for
lot 86 shown above.

Using trigonometry, we can find the area of a triangle if we know two of
its sides, say a and b, and the included angle, 6. The figure below shows three
possibilities, depending on whether the angle 6 is acute, obtuse, or 90°.

A (z,y) (z,y)

a 1
h
b o ‘ N
b b b
In each case, b is the base of the triangle, and its altitude is h. Our task

is to find an expression for h in terms of the quantities we know: a, b, and 6.
You should check that in all three triangles

'_‘

Y
Y
Y

sin(f) = h
a

Solving for h gives us h = asin(f). Finally, we substitute this expression for h
into our old formula for the area to get

1 1 .
A= ib h = ib a sin(0)

Area of a Triangle.

If a triangle has sides of length a and b, and the angle between those
two sides is 0, then the area of the triangle is given by

1
A= Eab sin(6) a

Example 3.18 Find the area of lot 86.
Solution. For the triangle in the lower portion of lot 86, a = 120.3, b = 141,

and # = 95°. The area of that portion is
. 1
First Area = iab sin(6)
1
= 5(120.3)((141) sin(95°) ~ 8448.88

For the triangle in the upper portion of the lot, a = 161, b = 114.8, and
0 = 86.1°. The area of that portion is
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Second Area = %ab sin(6)
1
= 5 (161)(114.8) sin(86.1°) ~ 9220.00

The total area of the lot is the sum of the areas of the triangles
Total area = First Area 4+ Second Area =~ 17668.88
Lot 86 has an area of approximately 17,669 square feet. O

1
Caution 3.19 The formula A = —absin(f) does not mean that we always

use the sides labeled a and b to find the area of a triangle.
In this formula, the variables a and b represent the b
lengths of the sides that include the known angle. For
example, the area of the triangle at right is given by 5
1 c
A= 5(50) sin(¢).
Checkpoint 3.20 A triangle has sides of length 6 and 7, and the angle between

those sides is 150°. Find the area of the triangle.
21

Answer. 0l
Review the following skills you will need for this section.
Algebra Refresher 3.2

Find the area of the triangle.

1. A 2. A
6 . (27 6)
Y >
8 8
3 A 4.
(4,6) (12,6)
, ' >
8
Y >
8
How many degrees are in each fraction of one complete revolution?
5 L 6 ! 7 1 8 1
"4 "5 "6 "8

Algebra Refresher Answers

124 324 5 90° 7 60°
224 4 24 6 72° 8 45°
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Section 3.1 Summary

Vocabulary
e Standard position e Quadrantal angle o Identity
o Initial side ¢ Oblique triangle
e Terminal side ¢ Quadrilateral

Concepts

1 We put an angle in standard position by placing its vertex at the origin
and the initial side on the positive z-axis.

Coordinate Definitions of the Trigonometric Ratios.

2 o cos(f) =

Trigonometric Ratios for Supplementary Angles.
3 e c0s(180° — 0) = —cos
o sin(180° — §) =sind

o tan(180° —6) = —tan¥d |

4 There are always two (supplementary) angles between 0° and 180° that
have the same sine. Your calculator will only tell you one of them.

Area of a Triangle.

If a triangle has sides of length a and b, and the angle between
those two sides is 8, then the area of the triangle is given by

A= 1ab sin(6) W
2 b

Study Questions

4
1 Delbert says that sin(8) = - in the figure. Is he correct?” Why or why
not?
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2 Give the lengths of the legs of each right triangle.
a. A (2 8) b
(_57 2)

>

3 Explain why the length of the horizontal leg of the right triangle is —x .

P(z,y)

4 Why are the sines of supplementary angles equal, but the cosines are not?
What about the tangents of supplementary angles?

5 Use your calculator to evaluate sin(118°), then evaluate sin~' (ANS) .
Explain the result.

8
Write an expression for the area of the tri- a
angle.

b

Skills

Practice each skill in the Homework Problems listed.
1 Use the coordinate definition of the trig ratios #3-20, 45-48
2 Find the trig ratios of supplementary angles #7-10, 21-38

3 Know the trig ratios of the special angles in the second quadrant #21,
41-44

4 Find two solutions of the equation sin(f) = k #29-38
5 Find the area of a triangle #49-58

Homework 3.1

1. Without using pencil and paper or a calculator, give the supplement of

each angle.
a 30° ¢ 120° e 165°
b 45° d 25° f 110°
2.  Without using pencil and paper or a calculator, give the complement of
each angle.
a 60° c 25° e 64°
b 80° d 18° f 47°

Exercise Group. For Problems 3-6,
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a Give the coordinates of point P on the terminal side of the angle.

b Find the distance from the origin to point P.
¢ Find cos(), sin(f), and tan(9).

3. 4.
Y Y
a5y
P\
P~ u
o I ,,k:@: -
~ \i x
[
5 6.
Y Y
H H 7
p P /
01 /
x 0,
i ’

Exercise Group. For Problems 7-10,
a Find the sine and cosine of the angle.

b Sketch the supplement of the angle in standard position. (Use congruent
triangles.)

¢ Find the sine and cosine of the supplement.

d Find the angle and its supplement, rounded to the nearest degree.
7. 8.

HH+H <
HE <

8

Exercise Group. For Problems 11-20,

a Sketch an angle in standard position with the given properties.
b Find cos(d), sin(#), and tan(6).

¢ Find the angle 0, rounded to tenths of a degree.
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11. The point (—5,12) is on the

terminal side.
Yy
13. cosf = —0.8
Y
15. 0) = —
cos(6) 11
Yy
17. tan(f) = .
) 6
Yy
19. tan(d) =4
Yy

xT

terminal side.

12. The point (12,9) is on the

Y
T
14. 0)=—
cos(0) 13
)
xT
-5
16. 0)=—
cos(6) 5
Y
xT
18. tan(f) = —
)
T
20. tan(f) = —1
)
T

21. Fill in exact values from memory without using a calculator.
0 0° 30° 15° 60° 90° 120° 135° 150° 180°
cos(0)
sin(f)
tan(6)

22. Use your calculator to fill in the table. Round values to four decimal

places.

0 15°

25°

65°

75°

105°

115° 155°

165°

cos(6)

sin(6)

tan(0)
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23. For each angle # in the table for Problem 22, the angle 180° — 6 is also in
the table.

a What is true about sin(¢) and sin(180° — 0)?
b What is true about cos(#) and cos(180° — 6)?

¢ What is true about tan(f) and tan(180° — 6)?

24. Describe and explain any patterns of equal values you see in the table for
Problem 22.

Exercise Group. For Problems 25-28,

a Evaluate each pair of angles to the nearest 0.1°, and show that they are
supplements.

b Sketch both angles.

¢ Find the sine of each angle.

3 -3
25. @ =cos™! (= =cos™! | —
5. 6 =cos (4), ¢ = cos <4)

1 -1
26. 6 =cos™! <5>, ¢ = cos™ ! <5>

27. 0 = cos™1(0.1525), ¢ = cos™!(—0.1525)
28. 6 = cos~1(0.6825), ¢ = cos™!(—0.6825)

Exercise Group. For Problems 29-34, find two different angles that satisfy
the equation. Round to the nearest 0.1°.

29. SIH(G) =0.7 30. Sln(o) =0.1 31. Sm6(0) =0.14
5 3.2 sin(6)
32. = 33. 4. = -
sin(6) 6 8 sin(6) 34. 15 0.3

Exercise Group. For Problems 35-38, fill in the blanks with complements
or supplements.

35. If sin(57°) = ¢ , then  sin( ) = gq also,
cos( )=¢q ,and cos( ) = —q.

36. If sin(18°) = w , then  sin( ) = w also,
cos( )=w ,and cos( ) = —w.

37. If  cos(74°) = m , then cos( ) = —m , and
sin( ) and sin( ) both equal m.

38. If cos(36°) = t , then  cos( ) = —t , and
sin( ) and  sin( ) both equal ¢.

39.
. 3
a Sketch the line y = i

b Find two points on the line with positive z-coordinates.

3
¢ The line y = —x makes an angle with the positive z-axis. What is

that angle?

d Repeat parts (a) through (c) for the line y = %350, except find two
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40.

points with negative x-coordinates.

5
a Sketch the line y = gm
b Find two points on the line with positive z-coordinates.

5
¢ The line y = -z makes an angle with the positive z-axis. What is

that angle?

d Repeat parts (a) through (c) for the line y = %5:10, except find two

points with negative x-coordinates.

Exercise Group. For Problems 4144,

45.

46.

47.

48.

a Find exact values for the base and height of the triangle.

b Compute an exact value for the area of the triangle.

41. 42.
h
" 1
111 =
o 12\/§ cm
43. 44.
b M
Q 17 ft
6 mi

Sketch an angle of 120° in standard position. Find the missing coordinates
of the points on the terminal side.

a (-1,7) b (7,3)
Sketch an angle of 150° in standard position. Find the missing coordinates
of the points on the terminal side.

a (7,2) b (—4,7)
Sketch an angle of 135° in standard position. Find the missing coordinates
of the points on the terminal side.

a (7,3) b (—V5,7)

a Use a sketch to explain why cos(90°) = 0.

b Use a sketch to explain why cos(180°) = 1.

Exercise Group. For Problems 49-54, find the area of the triangle with the
given properties. Round your answer to two decimal places.

49. 50.
8.7 km _~\ 5.3 km
6.8 m
VA A



CHAPTER 3. LAWS OF SINES AND COSINES 105

51. 52.
16.5 cm . O\ 6 ft
9.4 c 8
‘ 12 cm 10 ft
54. a=0.8m, c=0.15 m,
B =15°
55.
Find the area of the regular pentagon shown at
right. (Hint: The pentagon can be divided into
five congruent triangles.)
56.

Find the area of the regular hexagon shown at
right. (Hint: The hexagon can be divided into
six congruent triangles.)

Exercise Group. For Problems 57 and 58, lots from a housing development
have been subdivided into triangles. Find the total area of each lot by computing
and adding the areas of each triangle.

57.

Lot 106

17

Exercise Group. For Problems 59 and 60,
a Find the coordinates of point P. Round to two decimal places.
b Find the sides BC and PC of APCB.

¢ Find side PB.
59. 60.

VE—1

61. Later we will be able to show that sin(18°) = i What is the exact
value of sin(162°)? (Hint: Sketch both angles in standard position.)

_V5+1

62. Later we will be able to show that cos(36°) = T What is the exact
value of cos(144°)? (Hint: Sketch both angles in standard position.)
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63. Alice wants an obtuse angle 6 that satisfies sin(f) = 0.3. Bob presses some
buttons on his calculator and reports that § = 17.46°. Explain Bob’s error
and give a correct approximation of # accurate to two decimal places.

64. Yaneli finds that the angle 6 opposite the longest side of a triangle satisfies
sin(f) = 0.8. Zelda reports that § = 53.13°. Explain Zelda’s error and
give a correct approximation of 6 accurate to two decimal places.

Exercise Group. For Problems 65-70,

a Sketch an angle # in standard position, 0° < 6 < 180°, with the given
properties.

b Find expressions for cos(f), sin(#), and tan(f) in terms of the given

variable.
z 4
65. cos(f) = 3 T < 0 66. tan(d) = —, a <0
et
67. 0 is obtuse and sin(f) = % 68. 0 is obtuse and tan(f) = %
69. 0 is obtuse and tan(f) = m 70. cos(f) =h

3.2 The Law of Sines

We have learned to use the trigonometric ratios to solve right triangles. But the
trig ratios are only valid for the sides of right triangles. Can we find unknown
sides or angles in an oblique triangle?

B

?

C A A

We can find a if we know Can find a if we know A
A and ¢ (and C = 90°). and ¢ and C?

In this section and the next we find relationships among the sides and angles
of oblique triangles. These relationships are called the Law of Sines and the
Law of Cosines. To derive these new rules, we use what we already know about
right triangles.

Note 3.21 Reducing a new problem to an earlier one is a frequently used
technique in mathematics.

Consider the oblique triangle below. By drawing in the altitude h of the
triangle, we create two right triangles, ABCD and AABD, as shown in the
figure. Now we can write expressions in terms of A for sin A and for sin C'.

Looking at ABCD, we see that
h
— =sin(C).
. sin(C)

Looking at AABD), we see that

h .
= sin(A).
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Now we solve each of these equations for h:

h h
- = sin(C) and = sin(A) Solve each equation for h.

h=asin(C) and h =csin(A)  Equate the expressions for h.

asin(C) = c¢sin(A) Divide both sides by ac.
sin(C’)  sin(A)
c  a

We have derived a relationship between the angles A and C' and their
opposite sides, a and c. If we know any three of these quantities, we can find
the fourth.

In a similar way, by drawing in the altitude from the vertex C, we can show
that

sin(4)  sin(B)
a b
Putting both results together, we have the Law of Sines. The Law of Sines is
true for any triangle, whether it is acute, right, or obtuse.

Law of Sines.
If the angles of a triangle are A, B, and C, and the B
opposite sides are respectively a, b, and ¢, then . i i a
C
sin(A)  sin(B) _ sin(C) A )

a b c
or equivalently,

a b ¢
sin(A)  sin(B)  sin(C)

Finding a Side
In the next example, we use the Law of Sines to find a distance.

Example 3.22 Two observers onshore sight a ship at an unknown distance
from the shore. The observers are 400 yards apart at points A and B, and they
each measure the angle from the shoreline to the ship, as shown below. How
far is the ship from the observer at A?

ke

Solution. First note that AABC is not a right triangle, so we cannot use
the trig ratios directly to find the sides of this triangle.

The unknown distance d is the side opposite /B = 79.4°. In order to use
the Law of Sines, we must know another angle and the side opposite that angle.
We do: we know that side ¢ = 400, and we can compute the angle at the ship,
/C.

d

ZC = 180° — (79.4° + 83.2°) = 17.4°
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Now we apply the Law of Sines, using angles B and C.

b
Sn(B) = sini ) Substitute the given values.
d 400 Evaluate si
= valuate sines.
sin(79.4°)  sin(17.4°)
d 400
= Multiply both sides by 0.9829.
0.9829 ~ 0.2990 HHPLY DO SICes By
d=1315
The ship is about 1315 yards from the observer at A. O
Checkpoint 3.23
Delbert and Francine are 40 feet apart on one side oD
of a river. They make angle measurements to a pine p 40 £
tree on the opposite shore as shown at right. What 7
is the distance from Francine to the pine tree? F

Answer. About 114.8 feet

Solving Triangles with the Law of Sines

In order to apply the Law of Sines to find a side, we must know one angle of
the triangle and its opposite side (either @ and A, or b and B, or ¢ and C), and
one other angle. Then we can find the side opposite that angle.

Example 3.24
In the triangle shown at right,

A=37°,B=54° and a =11

a Find b.

b Solve the triangle.

Solution.

a We use the Law of Sines with a and angle A to find b.

b
ﬁ = m Substitute the given values.
11 b

= Multiply both sides by sin(54°).
sin(37°)  sin(54°) ultiply both sides by sin(54°)
11
.S 540 :b
sin(37°) sin(547)

Evaluating this expression with a calculator, we find that b ~ 14.79.

b The angle C' = 180° — (37° + 54°) = 89°. Now we use the Law of Sines to
find side c. Note that it is safer to use the given side, a, rather than the
value we calculated for b.

Sin(z A) = Sini %) Substitute the known values.
11 c

= Multiply both sides by sin(89°).
sin(37°)  sin(89°) ultiply both sides by sin(89°)
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11
———— -sin(89°) =¢

sin(37°)
so ¢ ~ 18.28.
O
Checkpoint 3.25
In the triangle at right, A
[>
A=65°C=42° and c= 16 c—16 b

Solve the triangle. B N
(Hint: Which side will you find first?) a

Answer. B =173° b=2287, a=21.68

Finding an Angle

We can also use the Law of Sines to find an unknown angle of a triangle. We
must know two sides of the triangle and the angle opposite one of them.

Example 3.26

In the triangle shown at right, B
B=55%a=5, and b=11 “:5YN
Solve the triangle. A

C b=11

Solution. We must find the three remaining parts of the triangle, A, C, and
c. First, we use the Law of Sines to find sin(A).

(A (B
sin{4) = sin(B) Substitute the known values.

a b
U0 n(ese
Smé ) _ Smg‘? ) Multiply both sides by 5.
sin(55°
sin(A) =5 - % ~ 0.3723

So A =sin~1(0.3723) ~ 21.9°. Now we know two angles, and we can find angle
C.

C =180° — (B + A)
— 180° — 55° — 21.9° = 103.1°

Finally, we use the Law of Sines to find side c.

b
sini %) = B Substitute the known values.
c 11 Multiply both sides by
sin(103.1°)  sin(55°) sin(103.1°).
= -sin(103.1°
= sy S )

Evaluating this expression with a calculator gives ¢ ~ 13.1. ]
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Checkpoint 3.27 Sketch a triangle with C'=93°,a =7, and ¢ = 11.
a Use the Law of Sines to find another angle of the triangle.

b Solve the triangle, and label your sketch with the results.
Answer.

a A=39.5° b b=28.13, B =47.5°

Caution 3.28 In the last Example we used the value of sin(A) to find angle A.
But there are two angles that satisfy sin(A) = 0.3723, one acute (21.9°) and
one obtuse (158.1°). How did we know which one to choose?

In this case, the obtuse angle is too big to fit in the triangle, because
angle B = 55°. Sometimes both angles will produce (different) triangles, and
sometimes only the acute angle will work. You should always check whether
both angles provide solutions.

Note 3.29 Because there can be more than one solution for a triangle in which
we know two sides and an angle opposite one of them, this situation is called
the ambiguous case for the Law of Sines. (See Homework Problems 33-42
for more about the ambiguous case.)

Example 3.30 Find two triangles in which B = 14.4°,a = 8, and b = 3, and
sketch both triangles.
Solution. Using the Law of Sines, we have

in(A in(B
m = m Substitute the known values.

a b

in(A)  sin(14.4°

Smé ) _ sin( . ) Multiply both sides by 8.
in(14.4°

sin(4) = 8- 00447 6 6632

3
There are two angles with sine 0.6632:

« the acute angle A = sin~1(0.6632) = 41.5°,
e or its supplement, A’ = 180° — 41.5° = 138.5°.
Each of these angles produces a different solution triangle, because the angle
C and side ¢ will be different also.
o In the first case, angle C' = 180° — (14.4° 4 138.5°) = 27.1°, and we have
the triangle shown in figure (a).

o In the second case, C' = 180° — (14.4° + 41.5°) = 124.1°, which gives us
the triangle shown in figure (b).

A
138.5° A 5.5 41.5°
B 14.4° 27.1° B 14.4° 124.1°
8 C 8 C

a. b.
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Checkpoint 3.31 Suppose that C'=29.7°,b =38, and ¢ = 5.
a Find two possible values for angle B.

b Solve the triangle for both values of B, and sketch both solutions.

Answer.

a B =524° or B =127.6°

54.4°
97.9°
4

b 4=979° a=10

~129.7°

c . )
B
or A=22.7° a =39 39 _A07 62
0 20T 20
8

Applications
In the next example, we use two triangles to solve the problem.

Example 3.32 Richard wants to measure the height of a castle controlled by
hostile forces. When he is as close as he can get to the castle, the angle of
elevation to the top of the wall is 18.5°. He then retreats 20 yards and measures
the angle of elevation again; this time it is 15.9°. How tall is the castle?

D B 20yd C

Solution.

Notice that h is one side of the right
triangle ADC. If we can find its
hypotenuse, labeled r in the figure,
we can use the sine ratio to find
h. To find r, we consider a second
triangle, ABC, as shown below.

D B 20yd C

In this triangle, we know side BC = 20 and would like to find side AC = r.
We can use the Law of Sines to find r, but first we must calculate the other
angles of the triangle.

Now, the angle opposite r, ZABC), is the complement of 18.5°, so

ZABC = 180° — 18.5° = 161.5°
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The angle opposite the 20-yard side, /BAC, is
ZBAC = 180° — (161.5° + 15.9°) = 2.6°

Now we can apply the Law of Sines to find r. We have

r 20
- = — Solve for r.
sin(161.5°)  sin(2.6°)
20
= sin(161.5°) -
r = sin( ) a6

~ 139.9

So r is about 139.9 yards. Finally, using the right triangle ADC and the
definition of sine, we can write

h
— =sin(15.9)° Solve for h.
”
h =1r-sin(15.9)° ~ 38.33
The castle is about 38.33 yards tall. |

Checkpoint 3.33 Solve the problem in the previous example again, but instead
of finding r, find the length AB, and then use AABD to find h.

Answer. AB = 120.79, the castle is about 38.33 yards tall.

Measuring Astronomical Distances

If you look at a nearby object and alternately close your left and right eyes,
the object seems to jump in position. This apparent change occurs because
your eyes are viewing the object from two different positions spaced several
centimeters apart. If the object at point O is straight ahead of one eye, it
appears to be at some angle p away from the line of sight of the other eye. The
angle p is called the parallax of the object.

Use the figure below to see that p is also the angle between the directions to
your two eyes when viewed from point O. (What fact from geometry justifies
this statement?)

0

@//
C p N

4

D3

Astronomers use parallax to determine the distance from earth to stars and
other celestial objects. Two observers on Earth at a known distance apart both
measure the direction to the star. The difference in angle between those two
directions is the parallax.

Example 3.34 Astronomers 1000 kilometers apart observe an asteroid with a
parallax of 0.001°. How far is the asteroid from Earth?

Solution. We let x represent the distance to the asteroid. The asteroid and
the two observers make an isosceles triangle with base 1000 km and equal sides
of length x, as shown below.
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A x
1000 O
B x
180° — 0.001°
The base angles of the triangle are both — = 89.999°. By the
Law of Sines,
x 1000
- Solve for z.
sin(89.999°)  sin(0.001°) olve for x
1000

z = sin(89.999°) - $in(0.001°)

z ~ 57,000, 000

The asteroid is about 57 million kilometers from Earth (roughly one third
of the distance to the Sun). O

Checkpoint 3.35 Two observers 800 kilometers apart observe an object with
a parallax of 0.0005°. How far is the object from Earth?
Answer. About 91,673,247 km

Small Angles: Minutes and Seconds

To obtain the most accurate parallax measurements, the distance between the
two observers should be as large as possible. But even measured from opposite
sides of Earth’s orbit, stars outside the solar system have parallaxes much
smaller than 0.0001°.

In order to handle such small angles, we divide degrees into smaller units

called minutes and seconds. One minute is 50 of a degree, and 1 second is

1 1
— of a minute, or 3600 of a degree. We use the following notation for minutes
and seconds.
Fractions of a Degree.
One minute: 1= -
' 60
1/ 1°
e Ones d: "= — =
ne secon 60 = 3600

When describing large distances, astronomers sometimes use the distance
from Earth to the Sun, about 93 million miles, as the unit of measurement.
This distance is called 1 Astronomical Unit, or 1 AU. For example, an object
that is three times as far away as the Sun would be at a distance of 3 AU.

Example 3.36 The star Wolf 359 has a parallax of 0.85” when observed from
opposites sides of Earth’s orbit. How far away is the star?

Solution. In the figure below, the star Wolf 359 is located at point O. Our
Sun is located at point C, halfway between the two observation points at A

and B. Thus, the distance between the observation points is twice the distance
from the Earth to the Sun, or 2 AU.
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C

k—2 AU—>

B

The altitude from O to side AB forms a right triangle ACO and bisects the
angle at O. Thus

1
ZAOC = 5(0.85") = 0.425"

We use the definition of tangent to find

tan 0.425" = opposite
' adjacent
1
tan(0.425°/3600) = - Solve for x.
1

_ ~ 485,000
¥~ %an(0.425°/3600) ’

The star is approximately 485,000 AU from Earth, or nearly half a million
times the distance from Earth to the Sun. O

Checkpoint 3.37 Two observers are 1 AU (astronomical unit) apart. They
find that the parallax to a distant star is 1. What is the distance to the star,
in astronomical units?

(This distance is called a parsec. In other words, a parsec is the distance
at which the parallax from observations 1 AU apart is 1”. In this Exercise, you
are calculating the number of astronomical units in 1 parsec.)

Answer. 1 parsec ~ 206,265 AU

Review the following skills you will need for this section.
Algebra Refresher 3.3

Convert to a decimal fraction.

1 5inches=_ foot 5 16 minutes = degree
2 10 ounces = pound 64 = °

3 24 minutes = hour T =___°

4 35seconds =  minute 8 1/5'"=_©°

Algebra Refresher Answers

1 0.416 304 5 0.26 7 0.0005

2 0.625 4 0.583 6 0.06 8 0.01805

Section 3.2 Summary

Vocabulary
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¢ Parallax o Minute e Second
Concepts
1
Law of Sines.
If the angles of a triangle are A, B, and C, and the opposite
sides are respectively a, b, and ¢, then
sin(A)  sin(B)  sin(C) B
a b ¢ c ¢
C
A b
or equivalently,
a b  c
sin(4)  sin(B)  sin(C)

2 We can use the Law of Sines to find an unknown side in an oblique triangle.

We must know the angle opposite the unknown side, and another side-
angle pair.

We can also use the Law of Sines to find an unknown angle of a triangle.
We must know two sides of the triangle and the angle opposite one of
them.

Remember that there are two angles with a given sine. When using
the Law of Sines, we must check whether both angles result in possible
triangles.

We use minutes and seconds to measure very small angles.

Fractions of a Degree.
One minute: 1 = E
' ~ 60
1’ 1°
¢ One second: 1= — =
60 3600

Study Questions

1
2

3

4
5)

Can we use the Law of Sines to solve a right triangle?

FExplain why we cannot use the Law of Sines to solve the triangle with
a=38, b=cand C = 35°.

Francine says "I'm thinking of an angle whose sine is 0.3420 (rounded to
four decimal places)." Delbert says "The angle must be 20° (rounded to
the nearest degree)." Is he correct? Why or why not?

Sketch two possible triangles with A = 25°, b =18, and a = 10.

Try to sketch a triangle with A = 65°, b = 18, and a = 10. What went
wrong?
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Skills
1 Use the Law of Sines to find a side #1-6
2 Use the Law of Sines to find an angle #7-12
3 Use the Law of Sines to solve an oblique triangle #13-18
4 Solve problems using the Law of Sines #19-28
5 Compute distances using parallax #29-32

6 Solve problems involving the ambiguous case #33-46

Homework 3.2

Exercise Group. For Problems 1-6, use the Law of Sines to find the indicated

side. Round to two decimal places.
q 'w 243
24
k 4

1. 2. 3.

>
N
12.8
5
w
(B

5.8

' -a
19.3 d
5
16

4.

7

<

Exercise Group. For Problems 7-12, use the Law of Sines to find the
indicated angle. Round to two decimal places.

7. 8.
>
10.1
N
13.2
(6 is acute.)
9 10.
24 190 _ 5.8
L —
20 36° o
(6 is obtuse.) (7y is obtuse.)
11. 12.
800
500 80 100
ya a
O A

Exercise Group. For Problems 13-18, sketch the triangle and solve. Round
answers to two decimal places.
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13.
15.
17.

b=7, A=123°, B=42° 14. ¢=34, A=53°, C = 26°
a=18, c=21, C =44° 16. b=8.5, c=6.8, B=23°
c=75 A=35° B=46° 18. a =94, B=29°, C = 84°

Exercise Group. For Problems 19-26,

a Sketch and label a triangle to illustrate the problem.

b Solve the problem.

19.

20.

21.

22,

23.

24.

25.

Maryam wants to know the height of a cliff on the other side of a
ravine. The angle of elevation from her edge of the ravine to the cliff
top is 84.6°. When she moves 30 feet back from the ravine, the angle
of elevation is 82.5°. How tall is the cliff?

Amir wants to know the height of a tree in the median strip of a
highway. The angle of elevation from the highway shoulder to the
treetop is 43.5°. When he moves 10 feet farther away from the tree,
the angle of elevation is 37.2° How tall is the tree?

Delbert and Francine are 10 kilometers apart, both observing a satellite
that passes directly over their heads. At a moment when the satellite
is between them, Francine measures its angle of elevation as 84.6°,
and Delbert measures an angle of 87°. How far is the satellite from
Delbert?

Megan rows her kayak due east. When she began, she spotted a
lighthouse 2000 meters in the distance at an angle of 14° south of east.
After traveling for of an hour, the lighthouse was at an angle of 83°
south of east. How far did Megan travel, and what was her average
speed?

Chad is hiking along a straight path but needs to detour around a
large pond. He turns 23° from his path until clear of the pond, then
walks back to his original path, intercepting it at an angle of 29° and
at a distance of 2 miles from where he had left the path. How far did
Chad walk in each of the two segments of his detour, and how much
farther did his detour require compared with a straight line through
the pond?

53° gIRORERR 29°

L— 2 miles 4’]

Bob is flying to Monterey but must change course to avoid a storm.
He flies 19° off from his original direction until he clears the storm,
then turns again to return back to his original flight path, intercepting
it at an angle of 54.9° and at a distance of 50 miles from where he
had left it. How much farther did his detour require compared with
his original course?

19° 54.9°
fe——— 50 miles ———
Geologists find an outcropping from an underground rock formation
that normally indicates the presence of oil. The outcropping is on a
hillside, and the formation itself dips another 17° from the surface. If
an oil well is placed 1000 meters downhill from the outcropping, how
far will the well have to drill before it reaches the formation?

original flight path
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1000 m/,\
==

8°

26. A proposed ski lift will rise from point near the base of the slope with
an angle of 27°. At a distance of 400 meters further from the slope,
the angle of elevation to the top of the ski lift is 19°. How long is the
ski lift?

_--119°
[« 400 m>|
27. Thelma wants to measure the height of a hill. She first plants a 50
foot tall antenna at the hill’s peak. Then she descends the hill and
finds a point where she can see the top and the bottom of the antenna.
The angle of elevation to the bottom of the antenna is 23°, and the
angle of elevation to the top of the antenna is 24°.

A v

B 50 ft

(hill)

a Find ZACB.
b FindZC AB, at the top of the antenna.

¢ How long is BC, the distance from the bottom of the antenna

to C'?7
d How tall is the hill?
28.

A billboard of California’s gu- B
bernatorial candidate Angelyne T b
is located on the roof of a build- A Ye
ing. At a distance of 180 feet , 11
from the building, the angles of
elevation to the bottom and top /x i
of the billboard are respectively X i
39.8° and 47.3°. How tall is the S}47.3" i
billboard? ] o

A 180 ft D

Exercise Group. For Problems 29-32, compute the following distances in
Astronomical Units. Then convert to kilometers, using the fact that 1 AU
~ 1.5 x 10® km.
29. When observed from opposite sides of Earth’s orbit, the star Alpha
Centauri has a parallax of 0.76”. How far from the Sun is Alpha
Centauri?
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30. How far from the Sun is Barnard’s star, which has a parallax of 1.1”
when observed at opposite ends of Earth’s orbit?

31. How far from the Sun is Tau Ceti, which has a parallax of 0.55” when
observed from opposite ends of Earth’s orbit?

32. How far from the Sun is Sirius, which has a parallax of 0.75” when
observed from opposite ends of Earth’s orbit?

Exercise Group. Problems 33-38 consider the ambiguous case of the Law
of Sines, when two sides and an angle opposite one of them are known.

33.

B
In the right triangle ABC shown, 5
/A = 30°, ZC = 90°, and ¢ = 3 a
inches. - O
A C

a Use the definition of sin(A) to solve for a (the length of side

3
b Can you draw a triangle ABC with A = 30° and ¢ =3 if a < 57
Why or why not?

3
¢ How many triangles are possible if 5 <a<3?

d How many triangles are possible if a > 37

34. In this problem we show that there are two different triangles ABC'
with A = 30°, a =2 and ¢ = 3.

a Use a protractor to draw an angle A = 30°. Mark point B on
one side of the angle so that AB is 3 inches long.

b Locate two distinct points on the other side of the angle that
are each 2 inches from point B. These points are both possible
locations for point C'.

¢ Use the Law of Sines to find two distinct possible measures for
/C.
35. In AABC, ZA = 30° and ¢ = 12. How many triangles are possible for
each of the following lengths for side a? Sketch the solutions in each
case.

aa=6 ba=4 ca=9 da=15
36. Consider the triangle ABC shown below.

A m|

a Express the length of the altitude in terms of ZA and c.

b Now suppose we keep ZA and side ¢ fixed, but allow a to vary in
length. What is the smallest value a can have and still be long
enough to make a triangle?

¢ What are the largest and smallest values that a can have in order
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to produce two distinct triangles ABC' (without changing ZA
and side ¢)?

37. For the triangle in Problem 36, suppose A = 40° and ¢ = 8.

a Sketch and solve the triangle if a = 12.
b Sketch and solve the triangle if a = 6.
¢ Sketch and solve the triangle if a = 4.

d For what value of a is ¢ the hypotenuse of a right triangle?
38. For the figure in Problem 36, suppose A = 70° and ¢ = 20.

a For what value of a is the triangle a right triangle?
b For what values of a are there two solutions for the triangle?
¢ For what values of a is there one obtuse solution for the triangle?

d For what value of a is there no solution?

Exercise Group. For Problems 39-42, find the remaining angles of the
triangle. Round answers to two decimal places. (These problems involve the
ambiguous case.)

39. a =66, c =43, C = 25° 40. b=10, c=14, B=20°
41. b= 100, c = 80, B = 49° 42. b=4.7, c=6.3, C =54°

43. Delbert and Francine are 1000 yards apart. The angle Delbert sees between
Francine and a certain tree is 38°. If the tree is 800 yards from Francine,
how far is it from Delbert? (There are two possible answers.)

44. From the lookout point on Fabrick Rock, Ann can see not only see the
famous "Crooked Spire" in Chesterfield, which is 8 miles away, but also the
red phone box in the village of Alton. Chesterfield and Alton are 7 miles
apart. Fabrick Rock has a plaque that shows directions to famous sites,
and from the plaque Ann determines that the angle between the lines to
the spire and the phone box measures 19°. How far is Fabrick Rock from
the phone box? (There are two possible answers.)

45.
a Sketch a triangle with A = 25°, B = 35°, and b = 16.
b Use the Law of Sines to find a.
¢ Use the Law of Sines to find c.
d Find ¢ without using the Law of Sines. (Hint: Sketch the altitude,
h, from C to make two right triangles. Find h, then use h to find ¢.)
46.

a Sketch a triangle with A = 75°, a = 15, and b = 6.
b Use the Law of Sines to find c.
¢ Find ¢ without using the Law of Sines.

Exercise Group. Problems 47-48 prove the Law of Sines using the formula
for the area of a triangle. (See Section 3.1 for the appropriate formula.)
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47. Sketch a triangle with angles A, B and C and opposite sides of lengths
respectively a, b and c.

a Write the area of the triangle in terms of a, b, and angle C.
b Write the area of the triangle in terms of a, ¢, and angle B.

¢ Write the area of the triangle in terms of b, ¢, and angle A.
48. Equate the three different expressions from Problem 47 for the area of
2
the triangle. Multiply through by o and simplify to deduce the Law
abc

of Sines.
49. Here is a method for solving certain oblique triangles by dividing them
into two right triangles. In the triangle shown, we know two angles, A and
B, and the side opposite one of them, say a. We would like to find side b.

C

A B
a Draw the altitude h from angle C.
b Write an expression for b in terms of h and angle A.
¢ Write an expression for A in terms of angle B.
d Substitute your expression for h into your expression for b.

e Which of the following is equivalent to the formula you wrote in part

(d)?
i asin(A) = bsin(B)
. a b
" s A)  sin(B)
a b

iii =

sin(B)  sin(A)

3.3 The Law of Cosines

If we know two angles and one side of a triangle, we can use the Law of Sines
to solve the triangle. We can also use the Law of Sines when we know two sides
and the angle opposite one of them. But the Law of Sines is not helpful for the
problem that opened this chapter, finding the distance from Avery to Clio. In
this case we know two sides of the triangle, a and ¢, and the included angle, B.

B
B =4
5 7 > 115 g
28°
A C A C
Two sides and an angle opposite one Two sides and the included angle.
of them. We can use the Law of Sines. We cannot use the Law of Sines.

To solve a triangle when we know two sides and the included angle, we will
need a generalization of the Pythagorean theorem known as the Law of Cosines.
In a right triangle, with C' = 90°, the Pythagorean theorem tells us that

A =a®+b
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If we allow angle C' to vary, but keep a and b the same length, the side ¢ will
grow or shrink, depending on whether we increase or decrease the angle C, as
shown below.

a ¢ a ¢
c a
C b C b C b
ZC = 90° /(' is acute /(' is obtuse
2 =a®+b? 2 <a®+b? 2 >a?+b?

The Pythagorean theorem is actually a special case of a more general law
that applies to all triangles, no matter what the size of angle C'. The equation
relating the three sides of a triangle is

= a® +b* — 2abcos(O)

You can see that when C' is a right angle, cos 90° = 0, so the equation reduces
to the Pythagorean theorem.

We can write similar equations involving the angles or A or B. The three
equations are all versions of the Law of Cosines.

e "

Law of Cosines.

If the angles of a triangle are A, B, and C, and the opposite sides
are respectively a, b, and ¢, then

a? = b®> + ¢ — 2bccos(A)
b*> = a® + ¢ — 2accos(B)
c? = a® 4+ b? — 2abcos(C)

Note 3.38 For a proof of the Law of Cosines, see Homework Problems 57 and
58.

Finding a Side

Now we can solve the problem of the dis-
tance from Avery to Clio. Here is the figure
from Section 3.1 showing the location of the
three towns.

Example 3.39 How far is it from Avery to Clio?

Solution.
The angle ZABC' = 35°4-90° = 125°. Thus, C
in AABC we have a = 34, ¢ = 48 and
B = 125°. The distance from Avery to Clio 34 -
is represented by b in the figure. B 48 A

We know two sides and the included angle, and we choose the version of
the Law of Cosines that uses our known angle, B.

b? = a® + ¢ — 2accos(B) Substitute the known values.
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b? = 342 + 48% — 2(34)(48) cos(125°) Simplify the right side.
b? = 3460 — 3264 cos(125°) = 5332.153  Take square roots.
b="73.02

Avery is about 73 miles from Clio. ]

Caution 3.40 When simplifying the Law of Cosines, be careful to follow the
order of operations. In the previous example, the right side of the equation

b? = 34% + 48% — 2(34)(48) cos(125°)
has three terms, and simplifies to

b* = 1156 + 2304 — 3264 cos(125°)
b? = 3460 — 3264(—0.573567364...)

Note that 3264 is the coefficient of cos(125°), so it would be incorrect to subtract
3264 from 3460. If you are using a graphing calculator, you can enter the right
side of the equation exactly as it is written.

Checkpoint 3.41 In AABC, a =11, ¢ =23, and B = 87°. Find b, and round
your answer to two decimal places.
Answer. 24.97

Finding an Angle

We can also use the Law of Cosines to find an angle when we know all three
sides of a triangle. Pay close attention to the algebraic steps used to solve the
equation in the next example.

Example 3.42

C
In the triangle at right, a =6, b = 7, and 6 7
¢ =11. Find angle C. A
B 11

Solution. We choose the version of the Law of Cosines that uses angle C'.

? = a® + b* — 2abcos(0O) Substitute the known values.
112 = 6% + 7% — 2(6)(7) cos(C) Simplify each side.
121 = 36 + 49 — 84 cos(C) Isolate the cosine term.
36 = —84 cos(C) Solve for cos (C).
-3
- = cos(C) Solve for C.

C =cos™ ! <_73> = 115.4°

Angle C' is about 115.4°. O

Checkpoint 3.43 In AABC, a = 5.3, b = 4.7, and ¢ = 6.1. Find angle B,
and round your answer to two decimal places.

Answer. 48.07°

Once we have calculated one of the angles in a triangle, we can use either
the Law of Sines or the Law of Cosines to find a second angle. Here is how we
would use the Law of Sines to find angle A in the previous Example.
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Substitute the known values.

a c

sin(4) = sin(115.4°) Solve for sin A.
6 11

sin(4) = 6. SRAY) o 40os

Thus, A = sin™1(0.4928) = 29.5°. (We know that A is an acute angle
because it is opposite the shortest side of the triangle.) Finally,

B =180° — (A+C) ~ 35.1°

Alternatively, we can use the Law of Cosines to find angle A.

a® = b? + ¢ — 2bccos(A) Substitute the known values.

62 =724+ 112 — 2(7)(11) cos(A)  Simplify each side.

36 = 49 4+ 121 — 154 cos(A) Isolate the cosine term.
—134 = —154 cos(A) Solve for cos(A).

?—; = cos(A) Solve for A.

A =cos™! (?Z) = 29.5°

Note 3.44 Using the Law of Sines requires fewer calculations than the Law of
Cosines, but the Law of Cosines uses only the original values, instead of the
results of our previous calculations and approximations.

Whenever we round off a number, we introduce inaccuracy into the calcula-
tions, and these inaccuracies grow with each additional calculation. Thus, for
the sake of accuracy, it is best to use given values in preference to calculated
values whenever possible.

Using the Law of Cosines for the Ambiguous Case

In Section 3.2 we encountered the ambiguous case:

If we know two sides a and b of a triangle and the acute angle o opposite
one of them, there may be one solution, two solutions, or no solution, depending
on the size of a in relation to b and «, as shown below.
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The Ambiguous Case.

1 No solution: a < bsin(«) 3 Two solutions: bsin(a) <
a<b
b a
o a
o is too short to make a tri- R
angle.

2 One solution: a = bsin(a) 4 One solution: a > b

b y\
a
A @
AN /

« is exactly the right length
to make a right triangle. —

If « is an obtuse angle, things are simpler: there is one solution if a > b,
and no solution if a < b.

Because there are always two angles with a given sine, if we use the Law
of Sines for the ambiguous case, we must check whether both possible angles
result in a triangle. But here is another approach: We can apply the Law of
Cosines to find the third side first. With that method, we’ll need the quadratic
formula.

Quadratic Formula.

The solutions of the quadratic equation az? 4+ bx +c =0, a # 0,

are given by
—b + V/b? — 4ac

2a

T =

A quadratic equation can have one solution, two solutions, or no solution,
depending on the value of the discriminant, b> — 4ac. If we use the Law of
Cosines to find a side in the ambiguous case, the quadratic formula will tell us
how many triangles have the given properties.

o If the quadratic equation has one positive solution, there is one triangle.
o If the quadratic equation has two positive solutions, there are two triangles.

o If the quadratic equation has no positive solutions, there is no triangle
with the given properties.

Example 3.45 In AABC, B =14.4°, a = 8, and b = 3. Solve the triangle.

Solution. We begin by finding the third side of the triangle. Using the Law
of Cosines, we have

b = a® + ¢* — 2accos(B) Substitute the known values.
32 = 8% 4+ ¢? — 2(8)ccos(14.4°)  Simplify.
9 = 64 4 ¢® — 16¢(0.9686) Write the quadratic equation in standard form.

0=c?—15.497¢+ 55 Apply the quadratic formula.
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15.497 £+ 1/ (—15.497)2 — 4(1
. 5.497 £ /( 25(1)97) (1)(55) Simplify.

_ w —5.503 or 9.994

Because there are two positive solutions for side ¢, either ¢ = 5.503 or
c = 9.994, there are two triangles with the given properties. We apply the Law
of Cosines again to find angle C in each triangle.

For the triangle with ¢ = 5.503, we have

 =a® 4+ b* — 2abcos(0) Substitute the known values.
5.503% = 8% + 3% — 2(8)(3) cos(C) Solve for cos(C).
5.5032 — 64 — 9
cos(C) = 22— = 0.889876

C = cos™ ' 0.889876) = 27.1°

and A = 180° — (14.4° 4+ 27.1°) = 138.5°.
For the triangle with ¢ = 9.994, we have

= a® +b* — 2abcos(O) Substitute the known values.
9.994? = 8% + 3% — 2(8)(3) cos(C) Solve for cos(C).
9.994%2 — 64 — 9

C = cos™(—0.560027) = 124.1°

and A = 180° — (14.4° 4+ 124.1°) = 41.5°. Both triangles are shown below.

Note 3.46 In the previous Example, notice that we used the Law of Cosines
instead of the Law of Sines to find a second angle in the triangle, because there
is only one angle between 0° and 180° with a given cosine. We don’t have to
check the results, as we would if we used the Law of Sines.

Checkpoint 3.47 Use the Law of Cosines to find all triangles ABC with
A =48° a =10, and b = 15.

Answer. No solution

Navigation

Even with the aid of GPS (Global Positioning System) instruments, aircraft
pilots and ship captains need to understand navigation based on trigonometry.

Example 3.48 The sailing club leaves the marina on a heading 15° east of
north and sails for 18 miles. They then change course, and after traveling for
12 miles on a heading 35° east of north, they experience engine trouble and
radio for help. The marina sends a speed boat to rescue them. How far should
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the speed boat go, and on what heading?
Solution.

We'd like to find the distance x and the
angle 6 shown in the figure. In AABC,
we can calculate the angle at point B
where the sailing club changed course:

B =180° — 35° 4+ 15° = 160°

We know a = 12 and ¢ = 18. We use
the Law of Cosines to find b and ZA.

v’ = a® + ¢ — 2accos(B) Substitute the known values.
=12% 4+ 18% — 2(12)18¢os(160°)  Evaluate.
= 873.95 Take positive square root.
b = 29.56

Next, we apply the Law of Cosines again to find ZA.

a? = b + ¢ — 2bccos(A) Substitute the known values.
122 = 29.562 + 182 — 2(29.56)(18) cos(A)  Solve for cos(A).
12% — 29.56% — 187
A) = = 0.9903
cos(A) = ——53956)(18)

C = cos™1(0.9903) = 8°

Thus, x = 29.56 and 6 = 8° + 15° = 23°. The speed boat should travel
29.56 miles on a heading 23° east of north. O

Checkpoint 3.49

Howard wants to fly from Anchorage to Nome,
Alaska, a distance of 540 miles on a heading
57° west of north. After flying for some time,
he discovers that his heading is in error, and
he is actually flying 47° west of north. Howard 540 200 .o
corrects his flight plan and changes course when 47°
he is exactly 200 miles from Anchorage. What is Anchorage
his new heading, and how far is he from Nome?

Nome

Answer. 62.8° west of north, 344.8 miles

Which Law to Use

How can we decide which law, the Law of Sines or the Law of Cosines, is
appropriate for a given problem?

o If we are solving a right triangle, we don’t need the Laws of Sines and
Cosines; all we need are the definitions of the trigonometric ratios.

e But for oblique triangles, we can identify the following cases:
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How to Solve an Oblique Triangle.

If we know: We can use:
1. One side and two angles (SAA) 1. Law of Sines, to find another side
2. Two sides and the angle opposite | 2. Law of Sines, to find another angle,

one of them (SSA, the ambiguous or Law of Cosines, to find another
case) side

3. Two sides and the included angle | 3. Law of Cosines, to find the third
(SAS) side

4. Three sides (SSS) 4. Law of Cosines, to find an angle

Note 3.50 In the ambiguous case, SSA, the Law of Sines is easier to apply,
but there will be two possible angles, and we must check each angle to see if
it produces a solution. Using the Law of Cosines involves solving a quadratic
equation, but each positive solution of the equation yields a solution of the
triangle.

Example 3.51

In the triangle at right, which law should ¢
you use to find ZB ? Which law should 0 10
you use to find ¢ ? g L4407 B

c

Solution. We know two sides of the triangle and the angle opposite one of
them. We can use the Law of Sines to find ZB.

sin(B) _ sin(40°)

6 10
sin(B) = 0.3857

This is the ambiguous case; there are two angles between 0° and 180° with
sine 0.3857, and we must check each angle to see if it produces a solution.
If instead we start by finding side ¢, we use the Law of Cosines.

10% = 6% + ¢ — 2(6)c cos(40°)
c — (12cos(40°))c — 64 = 0
_ 12¢0840° £ /(=12 cos(40°))2 — 4(1)(—64)
= 2(1)

You can check that the quadratic equation has only one positive solution
for ¢ (or notice that because a > b, angle B must be acute). g

Checkpoint 3.52

In the triangle at right, which part of the triangle C
can you find, and which law should you use? 53

B A

Answer. We first find side ¢ using the Law of Cosines
Review the following skills you will need for this section.

Algebra Refresher 3.4

Solve each quadratic equation.
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1 2.52% + 6.2 = 816.2 4 3xz(z +5) =900
2 0.822 — 124 = 376 5 222 — 6z = 233.12
3 2z(2x — 3) = 208 6 0.52% + 1.5 = 464

Algebra Refresher Answers

1 £8 38, —6.5 5 124, —94
2 £25 4 15, =20 6 29, —32

Section 3.3 Summary

Vocabulary

e Quadratic equa- ¢ Quadratic formula e Discriminant
tion
Concepts

1 The Law of Sines is not helpful when we know two sides of the triangle
and the included angle. In this case we need the Law of Cosines.

Law of Cosines.

If the angles of a triangle are A, B, and C, and the opposite
sides are respectively a, b, and ¢, then

a? = b% + % — 2bccos(A)
b = a® + ¢ — 2accos(B)
= a® +b* — 2abcos(O)

3 We can also use the Law of Cosines to find an angle when we know all
three sides of a triangle.

4 We can use the Law of Cosines to solve the ambiguous case.

5

How to Solve an Oblique Triangle.
If we know: ‘We can use:
1. One side and two angles (SAA) 1. Law of Sines, to find another side
2. Two sides and the angle opposite | 2. Law of Sines, to find another angle,
one of them (SSA, the ambiguous or Law of Cosines, to find another
case) side
3. Two sides and the included angle | 3. Law of Cosines, to find the third
(SAS) side
4. Three sides (SSS) 4. Law of Cosines, to find an angle
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Study Questions
1 The Law of Cosines is really a generalization of what familiar theorem?

2 If you know all three sides of a triangle and one angle, what might be the
advantage in using the Law of Cosines o find another angle, instead of
the Law of Sines?

3 State the quadratic formula from memory. Try to sing the quadratic
formula to the tune of "Pop Goes the Weasel."

4 Francine is solving a triangle in which a = 20, b = 16, and A = 26°. She
finds that sin B = 0.3507. How does she know that B = 20.5°, and not
159.5°7

Skills
1 Use the Law of Cosines to find the side opposite an angle #7-12
2 Use the Law of Cosines to find an angle #13-20
3 Use the Law of Cosines to find a side adjacent to an angle #21-26
4 Decide which law to use #27-34
5 Solve a triangle #35-42

6 Solve problems using the Law of Cosines #43-56

Homework 3.3

1.
a Simplify 5% + 72 — 2(5)(7) cos(6)
b Evaluate the expression in part (a) for § = 29°
¢ Evaluate the expression in part (a) for § = 151°
2.
a Simplify 26.1% + 32.5% — 2(26.1)(32.5) cos(¢)
b Evaluate the expression in part (a) for ¢ = 64°
¢ Evaluate the expression in part (a) for ¢ = 116°
3.
a Solve b? =a?+ c? —2accos(B) for cos(B)
b For the equation in part (a), find cos 8 if a =5, b =11, and ¢ = 8.
4.
a Solve a? =b%+c? —2bccos(a) for cos(a)
b For the equation in part (a), find cosa if a = 4.6, b = 7.2, and
c=94.
5.

a The equation 92 = b% + 4% — 2b(4) cos(a) is quadratic in b. Write
the equation in standard form.

b Solve the equation in part (a) for b if a = 48°.
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6.

a The equation 52 = 62 + ¢? — 2(6)ccos(8) is quadratic in c. Write
the equation in standard form.

b Solve the equation in part (a) for ¢ if 5 = 126°.

Exercise Group. For Problems 7-12, use the Law of Cosines to find the
indicated side. Round to two decimal places.

7.
5.6 g U
‘A 4.05
13 10.80
10.

2.
A
22 47

Exercise Group. For Problems 13-16,use the Law of Cosines to find the
indicated angle. Round to two decimal places.

13. 14.

17
8 V)
5 23
14.9
12

8. 9
83 ‘ z
- 42
11. 1
d >
5.53 'V
L>—16.37 ’ !
d

15. 16.

4

Exercise Group. For Problems 17-20, find the angles of the triangle. Round
answers to two decimal places.

17. a=23, b=14, c =18 18. a=18, b=25, c=19
19. a=16.3, b=28.1, c = 19.4 20. =823, b=22.5, c=66.8

Exercise Group. For Problems 21-26, use the Law of Cosines to find the
unknown side. Round your answers to two decimal places.

21. 22.
4r
9 60° | 2 2
t o
60 =

23.

5.8

)
=~
e
(029]
o
(==}
]
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25. 26.

Exercise Group. For Problems 27-34, which law should you use to find
the labeled unknown value, the Law of Sines or the Law of Cosines? Write an
equation you can solve to find the unknown value. For Problems 31-34, you
may need two steps to find the unknown value.

27. 28.
61 9.4 115° 6.1
29
I
46 w
29. 30.
</ 28 42
‘ . —
A
a
31. 32.
>
29 r
A I [N
T 6.3
33. 34.

Exercise Group. For Problems 3542,

a Sketch and label the triangle.

b Solve the triangle. Round answers to two decimal places.

35. B=47°, a =23, c=17 36. C=32°, a=14, b=18
37. a=8,b="7¢c=9 38. =23, b=34, c=45

39. b="72, c=98, B =38 40. a =28, c =41, A=27°
41. ¢=5.7, A=59°, B =82° 42. b=282, A=11°, C =42°

Exercise Group. For Problems 43-52,

a Sketch and label a triangle to illustrate the problem.

b Solve the problem. Round answers to one decimal place.

43.
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44.

45.

46.

47.

48.

49.

50.

51.

52.

A surveyor would like to know the distance

PQ across a small lake, as shown in the ‘
figure. She stands at point O and mea- p Q
sures the angle between the lines of sight '/
1400 m
g
o

600 m

to points P and @ at 76°. She also finds
OP = 1400 meters and OQ = 600 meters.
Calculate the distance PQ.

Highway engineers plan to drill a tunnel
through Boney Mountain from G to H, as
shown in the figure. The angle at point
F is 41°, and the distances to G and H
are 900 yards and 2500 yards, respectively.
How long will the tunnel be?

Two pilots leave an airport at the same time. One pilot flies 3° east
of north at a speed of 320 miles per hour, the other flies 157° east of
north at a speed of 406 miles per hour. How far apart are the two
pilots after 3 hours? What is the heading from the first plane to the
second plane at that time?

Two boats leave port at the same time. One boat sails due west at a
speed of 17 miles per hour, the other powers 42° east of north at a
speed of 23 miles per hour. How far apart are the two boats after 2
hours? What is the heading from the first boat to the second boat at
that time?

Caroline wants to fly directly south from Indianapolis to Cancun,
Mexico, a distance of 1290 miles. However, to avoid bad weather, she
flies for 400 miles on a heading 18° east of south. What is the heading
to Cancun from that location, and how far is it?

Alex sails 8 miles from Key West, Florida on a heading 40° east of
south. He then changes course and sails for 10 miles due east. What
is the heading back to Key West from that point, and how far is it?

The phone company wants to erect a cell tower on a steep hill inclined
26° to the horizontal. The installation crew plans to run a guy wire
from a point on the ground 20 feet uphill from the base of the tower
and attach it to the tower at a height of 100 feet. How long should
the guy wire be?

Sandstone Peak rises 3500 feet above the desert. The Park Service
plans to run an aerial tramway up the north face, which is inclined at
an angle of 68° to the horizontal. The base station will be located 500
feet from the foot of Sandstone Peak. Ignoring any slack in the cable,
how long should it be?

The sides of a triangle are 27 cm, 15 cm, and 20 cm. Find the area of
the triangle. (Hint: Find one of the angles first.)

The sides of a parallelogram are 10 inches and 8 inches, and form an
angle of 130°. Find the lengths of the diagonals of the parallelogram.

Exercise Group. For Problems 53-56, find z, the distance from one vertex
to the foot of the altitude.
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53. 54.
13 10 13 97°\ 7
n O
17
55. 56.

4.6 g\
/v\1350 / /! x
3 // !
T~ ’ ,, 10 17 \
2

2

P(x,y) P(x,y)

a

57.

a Copy the three figures above showing the three possibilities for
an angle C' in a triangle: C is acute, obtuse, or a right angle.
For each figure, explain why it is true that ¢? = (b — )% + 32,
then rewrite the right side to get ¢ = (22 + y?) + b? — 2ba.

b For each figure, explain why it is true that z2 + y? = a2.

¢ For all three figures, a is the distance from the origin to the point
(z,y). Use the definition of cosine to write cos(C) in terms of a
and z, then solve your equation for x.

d Start with the last equation from (a), and substitute expressions
from (b) and (c) to conclude one case of the Law of Cosines.

58. Demonstrate the other two cases of the Law of Cosines:
o a®> =%+ ¢? — 2bccos(A)
o b =a®+ ¢® — 2accos(B)

(Hint: See Problem 57 and switch the roles of a and c, etc.)

59. Use the Law of Cosines to prove the projection laws:

a = bcos(C) + ccos(B)
b= ccos(A4) 4+ acos(C)
¢ =acos(B) + bcos(A)

Nlustrate with a sketch. (Hint: Add together two of the versions of the
Law of Cosines.)

60. If AABC is isosceles with a = b, show that ¢? = 2a%(1 — cos(C)).

61. Use the Law of Cosines to prove:

(a+b+c)(—a+b+C)

1+ cos(4) = T
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(a—b+c)(—a+b+C)

1—cos(4) = 2%
c

62. Prove that

cos(A) n cos(B) n cos(C)  a®+b? + 2

a b c B 2abc

3.4 Chapter 3 Summary and Review

Key Concepts

1 We put an angle 6 in standard position by placing its vertex at the origin
and the initial side on the positive z-axis.

Coordinate Definitions of the Trigonometric Ratios.

2 e cos(f) =

Trigonometric Ratios for Supplementary Angles.
3 o c0s(180° — 0) = — cos(0)
o sin(180° — #) = sin(6)

o tan(180° — §) = — tan(0) |

4 There are always two (supplementary) angles between 0° and 180° that
have the same sine. Your calculator will only tell you one of them.

Area of a Triangle.

If a triangle has sides of length a and b, and the angle between
those two sides is 6, then the area of the triangle is given by

A= 1ab sin(6) v
2 b

Law of Sines.

If the angles of a triangle are A, B, and C, and the opposite
sides are respectively a, b, and ¢, then
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sin(A)  sin(B)  sin(C) B

a b c c a

or equivalently,

a b c

sin(A) sin(B)  sin(C)

J

7 We can use the Law of Sines to find an unknown side in an oblique triangle.
We must know the angle opposite the unknown side, and another side-
angle pair.

8 We can also use the Law of Sines to find an unknown angle of a triangle.
We must know two sides of the triangle and the angle opposite one of
them.

9 Remember that there are two angles with a given sine. When using
the Law of Sines, we must check whether both angles result in possible
triangles.

10 We use minutes and seconds to measure very small angles.

Fractions of a Degree.
One minute: 1 = L
‘ 60
1’ 1°
. d: 1"=_— =
One secon 50— 3600

11 You can remember the trig values for the special angles if you memorize
two triangles:

V2

=

1

12 For the trigonometric ratios of most angles, your calculator gives approxi-
mations, not exact values.

13 The Law of Sines is not helpful when we know two sides of the triangle
and the included angle. In this case we need the Law of Cosines.

14

Law of Cosines.

If the angles of a triangle are A, B, and C, and the opposite
sides are respectively a, b, and ¢, then

a® = b% + ¢ — 2bccos(A)
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b? = a® + ¢ — 2accos(B)
= a® +b* — 2abcos(O)

15 We can also use the Law of Cosines to find an angle when we know all
three sides of a triangle.

16 We can use the Law of Cosines to solve the ambiguous case.

17

How to Solve an Oblique Triangle.

If we know: ‘We can use:
1. One side and two angles (SAA) 1. Law of Sines, to find another side
2. Two sides and the angle opposite | 2. Law of Sines, to find another angle,

one of them (SSA, the ambiguous or Law of Cosines, to find another
case) side

3. Two sides and the included angle | 3. Law of Cosines, to find the third
(SAS) side

4. Three sides (SSS) 4. Law of Cosines, to find an angle

Chapter 3 Review Problems

Exercise Group. Use facts about supplementary angles to answer the
questions in Problems 1 and 2.

1
1. Ifsin(f) = 2 what is sin(180° — §)? What are the possible values for
cos(6)?
3
2. Ifsin(d) = = what is sin(180° — #)? What are the possible values for
cos(0)?

3. Two sides of a triangle are 12 and 9 units long. The angle 6 between those
sides is 66°.

a Sketch the triangle with 6 in standard position.
b What is the area of the triangle?

¢ Draw another triangle with the same area you found in (b) and with
sides 12 and 9, but with an obtuse angle between those two sides.
What is the obtuse angle?

4. A triangle has base 5 units and altitude 6 units, and another side of length
8 units.

a Sketch the triangle so that the acute angle 6 between the sides of
length 5 and 8 is in standard position.

b What is the area of the triangle?
¢ What is 6 7

d Draw another triangle with the same area you found in (b) and with
sides 5 and 8, but with an obtuse angle between those two sides.
What is the obtuse angle?

Exercise Group. For Problems 5-12,
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a Sketch an angle in standard position with the given properties.
b Find cos(d), sin(f), and tan(6).
¢ Find the angle 0, rounded to tenths of a degree.

5. The point (—2,3) is on the 6. The point (—1,6) is on the
terminal side. terminal side.
y Yy

xT > T

7. The point on the terminal side 8. The point on the terminal side

20 units from the origin has 25 units from the origin has
z-coordinate —16. x-coordinate —7.
Y y
T x4

9. 0 is obtuse, and the point on 10. 6 is obtuse, and the point on

the terminal side 6 units from the terminal side 4 units from

the origin has y-coordinate 5. the origin has y-coordinate 1.
y y

x x

11. 0 is obtuse, and sinf = 0.96. 12. 0 is obtuse, and sinf = 0.8.

Y Y

Exercise Group. For Problems 13-16, solve the equation. Round to the
nearest 0.1°.
13. 2.5sin(f) =0.43 14. 5sin(f) =1.25

3 .
=8 16. 0.6 00

15.
sin(0) 1.5

=8
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Exercise Group. For Problems 17-18,

a Find exact values for the base and height of the triangle.

b Compute an exact value for the area of the triangle.

17. 18.

34

'!

A 26
8
19.
A
Find the area of the triangular plot b
of land shown at right if § = 109.9°.
[ D
¢ smr P
20.
8.4 cm

What is the area of the triangular

10.9 ¢
piece of tile shown at right? 09 cm

4

Exercise Group. For Problems 21-22, use the Law of Sines to find the
indicated angle. Round to two decimal places.

21. 22.
</ </
-
—\
5 )
(B is acute.) 23

(o is acute.)

Exercise Group. For Problems 23-26, use the Law of Sines to find the
indicated side. Round to two decimal places.

23. 24.
18.4°
9 93.1° w
27
25. 26.
b 53
o ‘
18 38
2 5 r
QA

Exercise Group. For Problems 27-30, use the Law of Cosines to find the
indicated side. Round to two decimal places.
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27.

29.

28.
53 14 b vz

7.344 17

30.
89

20
41 a 47

28

Exercise Group. For Problems 3140,

a Sketch the triangle described.

b Find the missing angle or length. Round answers to two decimal places.

31.
33.

35.

37.

39.

A=111°, b=9, c=4, a=? 32. B=32°, a=7, c=5, b=71

C=87°, a=26, b=42, 34. C=11° a=49, b= 56,
A=? B =?

a=16, B=88, C=13°, 36. b=71, A=19°, C =110°,
b=" a ="

a=58 b=46, c=52, 38. a=17.7, b=18.4, c=28.1,
C = A =7

a=52, b=36, B=19°, 40. =83, c=133, A=31°,
=7 b="

Exercise Group. For Problems 4146,

a Sketch and label a triangle to illustrate the problem.

b Use the Law of Sines and/or the Law of Cosines to answer the questions.

41.

42.

43.

44.

45.

A radio tower is 40 miles from an airport, in the direction of 23° east
of north. Maria flies due north from the airport, and after 12 minutes,
she sees the radio tower in the direction 37° east of north. How far
has she traveled, and what is her average ground speed?

As Odysseus begins a sailing journey, an island 2 kilometers distant is
in the direction 12° west of north. After he sails due east for a time,
the island is 75° west of north. How far has Odysseus sailed?

Delbert and Francine are standing 100 meters apart on one side of a
stream. A tree lies on the opposite shore. The angle Delbert sees from
Francine to the tree is 37°, and the angle Francine sees from Delbert
to the tree is 46°. How far is Delbert from tree?

Evel and Carla are estimating the distance across a canyon. They
stand 75 meters apart and each site a larger boulder on the opposite
side. Evel measures an angle of 82° from Carla to the boulder, and
Carla measures an angle of 74° from Evel to the boulder. How far is
Evel from the boulder?

A blimp is flying in a straight line towards a football stadium. Giselle
and Hakim have homes 520 meters apart, both directly below the
blimp’s path. At a moment when the blimp is between them, Giselle
measures an angle of elevation to the blimp to be 38°, and Hakim



CHAPTER 3. LAWS OF SINES AND COSINES 141

47.

48.

46.

You are viewing the Statue of Liberty from
sea level at a horizontal distance of 65 meters
from the point below the torch. Standing
on its pedestal above sea level, the statue
subtends an angle of 19.5°, and the angle of
elevation to the foot of the statue is 32.3°.
See the figure at right.

measures the angle of elevation to be 42°.

a How far is the blimp from Giselle?

b How high is the blimp above the ground?

A model plane flying in a straight line passes directly over both first
Adi’s and then Bettina’s head. Adi sees an angle of elevation of 17°
to the plane and Bettina sees an angle of elevation of 58°. Adi and
Bettina are 150 meters apart, and Bettina is between Adi and the
plane.

a How far is the model plane from Bettina?

b How high above the ground is the plane?

a Find the distance AB.
b What is the angle at C?

¢ According to your measurements, how tall is the statue?

King Kong is hanging from the top of a —r R

building. From a safe distance Sherman i } .

measures that Kong subtends an angle of e

1.5°, and the angle of elevation to Kong’s 11 \11‘&5 1.5°
foot is 47.3°. See the figure at right. We
know that Kong is 60 feet tall. 1L LEWAS

F

a What is the angle to the top of the building (or Kong’s highest
point)?

b What is the angle DEF at Kong’s foot?

¢ How long is DF, the distance from the top of the building to Sherman
at F'?7

d How tall is the building?

Exercise Group. Here is a surveyor’s technique for making a right angle.
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1 Place two stakes at points A and B, 5
units apart.

2 Draw an arc of radius 4 centered at A, and
an arc of radius 3 centered at B.

3 Place a third stake at C', the intersection
of the two arcs.

4 Because 32 4+ 42 = 52, the angle at C'is a
right angle.

Of course, the accuracy of the right angle constructed in this way depends

on the accuracy of the measurements of length. Problems 49 and 50 refer to
the surveyor’s technique.

51.

52.

53.

54.

55.

56.

49. Suppose that you use the surveyor’s technique to create a right angle,
but all three of your distance measurements are in error. The actual
sides of your triangle are a = 2.9, b = 3.9, ¢ = 5.1. How far off from
90° is the angle at C'?

50. Suppose that you use the surveyor’s technique to create a right angle,
but the true distance measurements area = 3.1, b = 4.1, ¢ = 5.1. How
far off from 90° is the angle at C?

Triangle ABC has sides a =5, b =38, ¢ =9. How far from B is the foot
of the altitude from point A?

Triangle ABC' has sides a = 53, b = 27, ¢ = 71. How far from C is the
foot of the altitude from point A?

The hour hand of Big Ben is 9 feet long, and the minute hand is 14 feet
long. How far apart are the tips of the two hands at 5:00 o’clock?

The largest clock in the world sits atop the Abraj Al Bait Towers in Mecca,
Saudi Arabia. The clock face is 46 meters in diameter, the minute hand is

22 meters long, and the hour hand is 17 meters long. How far apart are
the tips of the two hands at 8:00 o’clock?

How far away is a star with a parallax of 5.2” when observed from opposite
ends of earth’s orbit?

How far away is a star with a parallax of 23" when observed from opposite
ends of earth’s orbit?

Exercise Group. Problems 57-58 provide a geometric interpretation of the
Law of Sines. Recall the fact from geometry that the measure of an angle
inscribed in a circle is half the intercepted arc.

57.
In the figure, the circle centered at O Y
circumscribes AXY Z. Suppose that 4
¢ = /X is an acute angle, and the side X ‘4}‘ Z
opposite 6, Y Z, has length s. Notice o "

that AOY Z is isosceles, because two
of its sides are radii of the circle.

a If W is the midpoint of Y Z, explain why ZWOY = 6.

b Write sin(f) in terms of s and the radius r. (Hint: Use the right
1
triangle WOY and the fact that WY = 58)

¢ Use your equation from (b) to write 7 in terms of sin(6) and s.
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d Use your equation from (c) to write the diameter d in terms of
sin(f) and s.

58. Let AABC have lengths a, b, and ¢ opposite the angles A, B, and C as
usual. Use the result of Problem 57, the Law of Sines, and the fact that
every triangle has an acute angle to show that the quantities ﬁ,

sin

b
sin(B)’ and Sinf 5) all represent the diameter of the circumscribing

circle.

3.5 Chapter 3 Activity

Activity 3.5 Understanding the Law of Sines.

e Materials: You will need paper and pencil, a ruler, compass, and protrac-
tor, or a dynamic geometry program such as Geogebra.

A The vertices of a triangle determine a unique circumscribing circle.

1 Draw a large acute triangle and label the vertices A , B, and C.

2 Draw the perpendicular bisector of side AC. You can use a compass,
or use your ruler and protractor as follows:

a Find the midpoint, M, of side AC.

b Draw a line that passes through M and is perpendicular to side
AC.

3 Draw the perpendicular bisector of side BC' . Label the point where
the two perpendicular bisectors meet with the letter O.

4 From geometry, we know that every point on the perpendicular
bisector of a segment PQ is equidistant between P and Q. Use this
fact to explain why the point O is the same distance from each vertex
of your triangle.

Using the point at O as the center,
draw the circle that passes through all
three vertices of your triangle. The
circle is called the circumscribing
circle of the triangle.

C

B We can move a vertex around the circle without changing the measure of
its angle.

1 Measure angle C' in your triangle. We say that this angle subtends
the arc joining A and B on the circle.

2 Choose any other point on the circle that is not on the arc AB. Call
this point D. Draw the line segments AD and BD to create a second
triangle. Measure the angle at D; it should be the same as the angle

C.

3 In fact, all angles with vertex on the circle that subtend the same
arc have the same measure. Verify this fact by creating two more

angles that subtend the arc AB.
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Y

A >~——_—"1R

C What is the length of the diameter of the circumscribing circle?

1

6

At this point, if your drawing is too cluttered, you may need to make
a fresh copy of the circumscribing circle. On this circle draw just
the side AB from your original triangle.

Draw the diameter that passes through B (remember that O is the
center of the circle), and label the other end of the diameter with
the letter C”.

Draw triangle AABC’, and measure the angle at C’. It should be
the same as angle C' in your original triangle. (Why?) Let’s call this
angle 6.

Now measure angle ZBAC". It should be 90 degrees, This is another
fact from geometry: Any angle that intercepts the diameter of a
circle is a right angle. Put a right angle symbol at angle ZBAC".

Label the length of the sides of your triangle as follows:
o Side BC” has length d (for diameter)
e Side AC’ has length b
e Side AB has length ¢

(Notice that c is the side opposite the angle #). Using the letters d,
b, and ¢ as needed, finish the equation

sinf =

Q
C

Start from the last equation, and solve for d in terms of sin C' and c.

D Equating expressions for the diameter: The Law of Sines

1

2

You have now written an expression for the diameter of the circum-
scribing circle in terms of angle C' and its opposite side. If you start

the derivation with angle B and the arc AC, you will get another
expression for the diameter. Write that expression here.

Now write an expression for the diameter that results from starting
with angle A and arc BC.
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3

Write an equation that reflects the fact that the diameter of the
circle has the same length in all three expressions.

This is the Law of Sines! All three expressions represent the diameter
of the circumscribing circle, so they are equal to each other.

E Verification for right and obtuse triangles

If ABC is not an acute triangle, then one of the angles must either be a
right angle or an obtuse angle.

In a right triangle, call the right angle A. Now you are already at
step (4) of part C , so the derivation continues as before.

To see the derivation for an obtuse triangle, follow the steps:

1

Draw a circle and a triangle with vertices A, B, and C on the circle
so that there is an obtuse angle at point C.

Measure the angle at C. and note that the larger arc AB subtended
by 6 is more than half of the circle.

Choose a point D on the larger arc AB. In triangle AABD, the
angle at D subtends the shorter arc connecting A and B. Measure
the angle at D. You should find that the angles at C' and D are
supplementary.

Here is another fact from geometry: The measure of an inscribed
angle in a circle is half the measure of the arc it subtends. Use this
fact to explain why the angles at C' and D are supplementary.

What can you say about the sines of angles C' and D? Because it is
an acute triangle, we can use our original derivation on AABD), and
substitute C' for D in the result.

D
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Trigonometric Functions

5

¢ Angles and Rotation
e Graphs of Sine and Cosine

¢ Periodic Functions

A Lissajous figure is a pattern produced by the intersection of two sinu-
soidal curves at right angles to each other. They are the curves you often see
on oscilloscope screens depicting compound vibration.

) 18

They were first studied by the American mathematician Nathaniel Bowditch
in 1815, and later by the French mathematician Jules-Antoine Lissajous, and
today have applications in physics and astronomy, medicine, music, and many
other fields.

In 1855 Lissajous invented a pair of tuning forks designed to visualize sound
vibrations. Each tuning fork had a small mirror mounted at the end of one
prong, and a light beam reflected from one mirror to the other was projected
onto a screen, producing a Lissajous figure. Stable patterns appear only when
the two forks vibrate at frequencies in simple ratios, such as 2:1 or 3:2, which
correspond to the musical intervals of the octave and perfect fifth. So, by
observing the Lissajous figures, people were able to make tuning adjustments
more accurately than they could do by ear.

In 1942 the Dadaist artist Max Ernst punched a small hole in a can of paint,
attached it to a coupled pendulum, and set it swinging to create Lissajous
figures. He then used the designs in some of his paintings.

146
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In 2001, NASA launched the Wilkinson Microwave Anisotropy Probe
(WMAP) to make fundamental measurements of our universe as a whole.
The probe was positioned near a gravitational balance point between Earth and
the Sun and moved in a controlled Lissajous pattern around the point. This
orbit isolated the spacecraft from radio emissions from Earth.

The goal of WMAP was to map the relative cosmic microwave background
(CMB) temperature over the full sky. CMB radiation is the radiant heat left over
from the Big Bang. Tiny fluctuations in the CMB are the result of fluctuations
in the density of matter in the early universe, so they carry information about
the initial conditions for the formation of cosmic structures such as galaxies,
clusters, and voids.

Here is the first fine-resolution map of the microwave sky, produced from
the WMAP data. This picture of the infant universe shows the temperature
fluctuations corresponding to the seeds of galaxies.

From the WMAP data, scientists were able to:
o estimate the age of the universe at 13.77 billion years old.
¢ calculate the curvature of space to within 0.4% of "flat" Euclidean.

 determine that ordinary atoms (also called baryons) make up only 4.6%
of the universe.

o find that dark matter (matter not made of atoms) is 24.0% of the universe.
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4.1 Angles and Rotation

Introduction

So far we have studied angles as parts of triangles, but we can also use angles
to describe rotation. For example, think of the minute hand on a clock. Every
hour, the minute hand moves through one complete rotation, or 360°. In two
hours, the minute hand rotates through 720°.

Example 4.1 Through how many degrees does the minute hand rotate in an
hour and a half? In forty minutes?

Solution.
Look at the figure at right. An hour

and a half represents 1.5 complete ro-
tations, or

1.5(360°) = 540°

Forty minutes is two-thirds of an hour,
so the minute hand rotates through

2

360°) = 240°
(360°)

Checkpoint 4.2

The volume control on an amplifier is a dial
with ten settings, as shown at right. Through
how many degrees would you rotate the dial to
increase the volume level from 0 to 77

Answer. 252°

Angles in Standard Position

The degree measure of an angle depends only on the fraction of a whole rotation
between its sides, and not on the location or position of the angle. To compare
and analyze angles, we place them in standard position, so that the vertex of
the angle is located at the origin and its initial side lies on the positive z-axis.
If the terminal side rotates counter-clockwise, the degree measure of the angle
is positive; it is negative if the terminal side rotates clockwise. The figure below
shows four angles and how each appears in standard position.
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difference

8/9 of a cake 40 minutes of angles
relative direction N

oW 235°
9 3 x_, —
320° 130° 55°
6 15° E
of S
A A
24(J°/l\ 130°
/L\r\‘> j/‘ = A —
One-half a complete revolution is 180°, and three-quarters of one revolution
is 270°. Thus, for angles between 180° and 270° in standard position, the

terminal side lies in the third quadrant, and for angles between 270° and 360°,
the terminal side lies in the fourth quadrant.

ot
t

320°

Example 4.3 Find the degree measure of the angles # and o shown below,
and sketch each angle in standard position.

Regular pentagon 6
inscribed in circle
a.

Solution. a. The angle « is one-fifth of a complete revolution, or

1
—(360°) = 72°

- (360°)
In standard position, it is a first-quadrant angle, as shown in figure (a) below.

A A

o = T72°
D
> Ny >

a. b.

11
b. The angle 3 is T2 of a complete revolution, or

1, .
13(360°) = 330

In standard position, it is a fourth-quadrant angle. (See Figure (b).) O
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Checkpoint 4.4 Find the degree measure of each angle below, and sketch the
angle in standard position.

0
250°
N
0 0 g
«
a b.
Answer.
Yy Yy
a. 120° b. 70°
0 = 120°
o = T70°
x T

Trigonometric Ratios for All Angles

In Chapter 3 we defined the sine, cosine, and tangent for obtuse angles by
placing the angle in a Cartesian coordinate system. We can do the same for
angles that represent rotations.

o First, we place the angle 6 in standard position, A
with its vertex at the origin. We picture the ter-
minal side sweeping counter-clockwise around a
circle to form the angle. 0

o Next, we choose a point P with coordinates (z,y)
on the terminal side, as shown at right. The dis-
tance from the origin to P is then r = y/x2 + y2.
The trigonometric ratios of # are defined as fol-
lows.

The Trigonometric Ratios.

If 0 is an angle in standard position, and (z,y) is a point on its
terminal side, with r = /22 + y2, then

sin(6) = Y cos(0) = z tan(0) = Y
r r x

. J

We can choose any point on the terminal side of the angle, and the trig
ratios defined by its coordinates will be the same. (Can you explain why?
Think about similar triangles.) And, as we noted when we first defined the trig
ratios, they are functions of the input angle, so there is only one sine, cosine,
or tangent for a given angle.

Note 4.5 The notation sin(#) is read "sine of theta," just as we say "f of x" for
f(x). The parentheses do not mean multiplication, but rather tell us to apply
the function.

Because it is the distance from the origin to P, r is always positive. However,
x and y can be positive or negative (or zero), depending on the angle 6. For
example, in the second quadrant, x is negative but y is positive, so the cosine
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and the tangent of angles between 90° and 180° are negative, but their sines
are positive.

Example 4.6 Give the sign of each of the three trigonometric ratios of the

angles.

a 200° b 300°

Solution. a. In standard position, the terminal side of an angle of 200° lies
in the third quadrant. (See figure (a) below.) In the third quadrant, < 0
and y < 0, but » > 0. Thus, sin(200°) is negative, cos(200°) is negative, and
tan(200°) is positive.

200°
vd

\4

300°
P(z,y)

P(z,
a. b. ()

b. The terminal side of 300° lies in the fourth quadrant, so z > 0 and y < 0,
and r > 0. Thus, sin(300°) is negative, cos(300°) is positive, and tan(300°) is
negative. O

Checkpoint 4.7 For angles in each of the four quadrants shown below, explain
why the indicated trig ratios are positive. Then complete the table.

Quadrant IT | Quadrant I

Quadrant Degrees Sine Cosine | Tangent Sine All
First 0° < 6 <90° positive | positive | positive is positive are positive
Second 90° < 0 < 180°
Third 180° < 6 < 270° Quadrant III | Quadrant IV
Fourth 270° < 6 < 360°

Tangent | Cosine

is positive is positive
Answer.
Quadrant Degrees Sine Cosine | Tangent
First 0° < 0 < 90° positive | positive | positive

Second 90° < # < 180° | positive | negative | negative
Third 180° < 6 < 270° | negative | negative | positive
Fourth 270° < 0 < 360° | negative | positive | negative

Example 4.8

Find the sine, cosine, and tangent of the
angle shown at right.
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Solution. The y-coordinate of the point P is —5, and r = 6, so

sin(f) = ¥ _ %5
r

To find the z-coordinate of P, we use the equation of a circle of radius 6,
% 4+ y? = 36.
2%+ (=5)? = 36
2?=36-25=11
r=+VI11
Because P is in the third quadrant, x = —v/11. Thus,

cos(0) = % = ﬂ

|
o

G and  tan(f) = % =— =

=
=R

Checkpoint 4.9

Find the sine, cosine, and tangent of the angle shown
at right. The circle has radius 4.

i 3 V7

Answer. sin(f) = T cos(f) = e tan(f) = 3

Reference Angles

In Section 3.1 we learned that the trig ratios for angles in the second quadrant
are the same as the trig ratios for their supplements, except for sign. For
example, you can use your calculator to verify that

B £
sin(130°) = 0.7660  sin(50°) = 0.7660 S
cos(130°) = —0.6428  cos(50°) = 0.6428 ’
tan(130°) = —1.1918  tan(50°) = 1.1918
50°, 50°
Q' Q

The trig ratios for 130° and 50° have the same absolute value because the
two triangles formed by the angles are congruent, as shown above.

AOP'Q’ is called a reference triangle for 130°, and 50° is called the
reference angle.

The trig ratios for angles between 180° and 360°, whose terminal sides lie
in the third and fourth quadrants, are also related to the trig ratios of familiar
angles in the first quadrant. We "refer" the angle to a first quadrant angle with
a congruent reference triangle.

Note 4.10 Reference angles will be important when we need to solve trigono-
metric equations. There will always be two angles with the same trig ratio
(except for quadrantal angles), and they will have the same reference angle.
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We can construct reference triangles for angles in any of the four quadrants,
and the trig ratios of the angle are the same as the trig ratios of its reference
angle, up to sign. Here is how to construct a reference triangle for an angle :

Constructing a reference triangle.

1 Choose a point P on the terminal side.

2 Draw a line from point P perpendicular to the z-axis.

The figure below shows angles 6 between 0° and 360°, and the reference
angle, 0, for each. Study the figures, and make sure you understand the formula
for finding the reference angle in each quadrant.

P('T7 y) P(Z y)
e N\
_ \ \ > 0
=0 O i OF NN
First-quadrant: 6 = Second-quadrant: 6 = 180° — ¢
yann an
o N H
L N
P(z,y) P(z,y)
Third-quadrant: 6 =6-—180° Fourth-quadrant: 6 =360° — 0

Note 4.11 These observations may help you remember the formulas:

e The right triangle formed in this way always lies between the terminal
side and the z-axis.

o The positive acute angle formed between the terminal side and the z-axis
is the reference angle, and the right triangle is the reference triangle.

Activity 4.1 Reference Angles. The circle below has radius 1 and is
centered at the origin.
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///1 T~
/ \
/ \
\ /
\ /

1 a Use a protractor to draw an angle of 56° in standard position. Draw
its reference triangle.

b Use your calculator to find the sine and cosine of 56°, rounded to
two decimal places. Label the sides of the reference triangle with
their lengths.

¢ What are the coordinates of the point P where your angle intersects
the circle?

d Draw the reflection of your reference triangle across the y-axis, so
that you have a congruent triangle in the second quadrant.

2 a You now have the reference triangle for a second-quadrant angle in
standard position. What is that angle?

b Use your calculator to find the sine and cosine of your new angle.
Label the coordinates of the point Q where the angle intersects the
circle.

¢ Draw the reflection of your triangle from part (1d) across the z-axis,
so that you have a congruent triangle in the third quadrant.
3 a You now have the reference triangle for a third-quadrant angle in
standard position. What is that angle?

b Use your calculator to find the sine and cosine of your new angle.
Label the coordinates of the point R where the angle intersects the
circle.

¢ Draw the reflection of your triangle from part (2c) across the y-axis,
so that you have a congruent triangle in the fourth quadrant.
4 a You now have the reference triangle for a fourth-quadrant angle in
standard position. What is that angle?

b Use your calculator to find the sine and cosine of your new angle.
Label the coordinates of the point where the angle intersects the
circle.

Generalize: All four of your angles have the same reference angle, 56°. For
each quadrant, write a formula for the angle whose reference angle is 6.

e Quadrant I:
e Quadrant II:



CHAPTER 4. TRIGONOMETRIC FUNCTIONS 155

e Quadrant III:
e Quadrant IV:
Example 4.12

a Find the reference angle for 200°.

b Sketch 200° and its reference angle in standard position, along with their
reference triangles. Verify that both angles have the same trigonometric
ratios, up to sign.

Solution.
a In standard position, an angle of 200° lies v
in the third quadrant. Its reference angle is i
200° — 180° = 20°
20(? 20°
b Both angles are shown at right. Note that T 50 H> v
the reference triangle for 200° is congruent
to the reference triangle for 20°. You can
use your calculator to verify the following
values.
sin(20°) = 0.3420 sin(200°) = —0.3420
cos(20°) = 0.9397 cos(200°) = —0.9397
tan(20°) = 0.3640 tan(200°) = 0.3640

Checkpoint 4.13
a Find the reference angle for 285°.

b Sketch 285° and its reference angle in standard position, along with their
reference triangles. Verify that both angles have the same trigonometric
ratios, up to sign.

Answer.
a 75°
Y 75°
sin(285°) = —sin(75°) = —0.9659,
b a4 c0s(285°) = cos(75°) = 0.2588, tan(285°) =
—tan(75°) = —3.7321
285°

Using Reference Angles

Here is a summary of our discussion about reference angles.
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Reference Angles.

The trigonometric ratios of any angle are equal to the ratios of its
reference angle, except for sign. The sign of the ratio is determined by
the quadrant.

Any acute angle 0 is the reference angle for four angles between 0° and
360°, one in each quadrant. The figure below shows the four angles in standard
position whose reference angle is 35°. Note that each angle is found by measuring
35° from the z-axis in the appropriate quadrant, and that the four angles
together make a “bow-tie” shape.

>

From the figure, you can see that the angles in each quadrant with a given
reference angle are computed as follows.

To find an angle 6 with a given reference angle 0:.

Quadrant I: 0=10 Quadrant II: 6 = 180° — 0
Quadrant III: 0 =180° + 0 Quadrant IV: 6 =360° — 60

Example 4.14

5
a Find two angles between 0° and 360° whose cosine is 3 Round your

answers to the nearest tenth of a degree.

-5
b Find two angles between 0° and 360° whose cosine is 3 Sketch the

reference triangle for each angle.

Solution.

One of the angles we want is Yy

5
cos~! [ = ). Use your calculator to

8
find the first quadrant angle, 51.3°.

The cosine is also positive in the 51.3°

a  fourth quadrant, so we look for the 3087 /] "
angle in the fourth quadrant with 51.30
reference angle 51.3°. That angle is
360° — 51.3° = 308.7°, as shown at
right.

A
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Because the cosine is negative in y
the second and third quadrants, we
would like angles 6 in those quadrants 128.7°
whose reference angle is § = 51.3°. In
the second quadrant, we find 51.3°
b N .
0 =180°—40 51.3°
= 180° — 51.3° = 128.7°
And in the third quadrant, 231.3°

0 =180°+6
— 180° + 51.3° = 231.3°

Both angles are shown above. You can check that the cosines of 128.7°
and 231.3° are both approximately —0.625.

|
Checkpoint 4.15

a Find an angle in the third quadrant whose tangent is 3.66. Round your
answer to the nearest tenth of a degree.

b Use reference angles to find two angles whose tangent is —3.66.
Answer.

a 254.7° b 105.3°, 258.3°

The Special Angles

Recall that the angles 30°, 45° and 60° are called the special angles because we
can express the exact values of their trigonometric ratios in terms of radicals.
There are special angles in all four quadrants; namely, those whose reference
angles are 30°, 45° and 60°.

Example 4.16 Find exact values for the sine, cosine, and tangent of 210°.
Solution. An angle of 210° lies in the third quadrant, and its reference angle
is

6 = 210° — 180° = 30°
In the third quadrant, the sine and cosine are negative, so we have

-1 _ -3

sin(&):7, cos(f) 5 tan(f) =

Sl
< w

Alternatively, consider the reference triangle in
the figure at right, where r = 2. Because the
sides of a 30-60-90 triangle are in the ratio 1 : 210°

V3 : 2, the point P has coordinates (—v/3, —1). =7 i T
Using the definitions of the trig ratios, we can 5
calculate the values above.

P(=V3,-1)
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Checkpoint 4.17

a Sketch an angle of 300° in standard position, and its reference triangle.
Find the reference angle for 300°.

b Find exact values for the sine, cosine, and tangent of 300°.

Answer.

a
Y

300° AN Reference angle: 60°

A
O
8

/3 1
b sin(300°) = l, 0s(300°) = =, tan(300°) = —/3
2 2

All of the special angles are shown at 1200 | 60°

right. In the Homework Problems you 135° ~ y ) N\ 15°
will calculate the three trigonometric 150°% \
ratios for all the special angles, and it /

will be useful to be familiar with these 180"1; g:)oo T
values, and be able to calculate them
quickly. You may want to review the 210°\ /330°
two "special triangles" in Section 2.3. 2259/ V3150

240° 2%;]0 300°

Coterminal Angles

Because 360° represents one complete revolution, we can add or subtract a
multiple of 360° to any angle, and the terminal side will arrive at the same
position. For example, the angles 70° and 430° have the same terminal side
because 430° = 70° 4 360°. Such angles are called coterminal.

The angle 790° is also coterminal with 70°, because if we add two revolutions
to 70°, we get 790° = 70° 4 2(360°), as shown below.

70° 70°

430°

7!)0%
N>

N
N

Because coterminal angles have the same standard position, their trigono-
metric ratios are equal. For example, you can verify that, to four decimal
places,

cos(790°) = cos(70°) = 0.3420
Example 4.18

a Find an angle between 0° and 360° that is coterminal with 520°.
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b Use a calculator to verify that the trig ratios of 520° are the same as the
ratios of the coterminal angle.

Solution.

a We subtract multiples of 360° from 520° until the remainder is less than
360°.
520° — 360° = 160°

Because 160° is between 0° and 360°, this is the angle we want.

b You can use your calculator to see that

sin(160°) = sin(520°) = 0.3420
cos(160°) = cos(520°) = —0.9397
tan(160°) = tan(520°) = —0.3640

If the direction of rotation is important, we let positive
angles represent rotation in the counter-clockwise
direction, and negative angles represent rotation in A
the clockwise direction. For example, the angle —60° AN
shown at right lies in the fourth quadrant. It is 300 —607
coterminal with —60° + 360° = 300°.

Y

Checkpoint 4.19 Find two angles coterminal with 102°, one positive and one
negative.

Answer. 462°, —258°
Review the following skills you will need for this section.

Algebra Refresher 4.2

Evaluate the function.
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1 f(z)

b

=22 -2

G(a+3)

Algebra Refresher Answers

1 a 15
b a® —8a+ 15
2 a \/ﬁ
b 2vVh+1
3 a —4
4
b —
w
4 a 1
8
b 8(2%)
Section

4.1 Summary

Vocabulary

e Standard position

¢ Reference angle

Concepts

F(w+2)
F(w)+ F(2)

o Reference triangle

o Coterminal angle

160

1 We can use angles to describe rotation. Positive angles indicate rotation
in the counter-clockwise direction; negative angles describe clockwise

rotat

ion.
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2 We define the trigonometric ratios of any angle by placing the angle
in standard position and choosing a point on the terminal side, with

r= /x4 y2.

The Trigonometric Ratios.

If 6 is an angle in standard position, and (x,y) is a point on
its terminal side, with r = y/x2 + 2, then

sin(0) = % cos(f) = % tan(f) = =

3 To construct a reference triangle for an angle :

1 Choose a point P on the terminal side.

2 Draw a line from point P perpendicular to the z-axis.

4 The reference angle for 6 is the positive acute angle formed between
the terminal side of 6 and the z-axis.

P(z,y) P(z,y)
a BN
_ \ \ > 0
=6 O 0 NN
First-quadrant: 6 = 6 Second-quadrant: 6 = 180° — ¢
an jan
H 7 ! N i [
- N
Third-quadrant: 6 = 6 — 180° Fourth-quadrant: 6 = 360° — 0

5 The trigonometric ratios of any angle are equal to the ratios of its reference
angle, except for sign. The sign of the ratio is determined by the quadrant.

6
To find an angle 6 with a given reference angle 0:.
Quadrant I: 0=20 _ Quadrant II: 0 = 180° — §~
Quadrant III: 0 =180°+46 Quadrant IV: 0 = 360° — 6
6 =180°— 0 Y 0=0
0 0
— — x
0 0

0 =180° + 0 0 =360°—0
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7 There are always two angles between 0° and 360° (except for the quad-
rantal angles) with a given trigonometric ratio.

8 Coterminal angles have equal trigonometric ratios.

Study Questions
1 Explain why cos(f) < 1 for any angle 6.

2 Is it true that tan(f) < 1 for any angle 6 ? Explain.

3 Sketch a figure showing how to compute the reference angle for angles in
each of the four quadrants.

4 True or false: If § > «, then sin(8) > sin a.

5 How many angles have a cosine equal to 0.47 How many angles between
0° and 360° have a cosine equal to 0.47

Skills

1 Use angles to represent rotations #1-6

2 Sketch angles in standard position #7-12

3 Find coterminal angles #13-24

4 Find and use reference angles #25-44, 55-64

5 Find trigonometric ratios for the special angles #45-54

Homework 4.1

1. How many degrees are in each angle?

3
a 5 of one rotation ¢ — of one rotation

Wl oo Wik

3
b — of one rotation d = of one rotation

2. How many degrees are in each angle?

of one rotation

| =

5 .
a 6 of one rotation C

3 7
b — of one rotation d 3 of one rotation

3. What fraction of a complete rotation is represented by each angle?

a 45° b 300° ¢ 540° d 420°
4. What fraction of a complete rotation is represented by each angle?

a 60° b 240° ¢ 450° d 150°

a Through what angle does the hour hand of a clock rotate between 2
pm and 10 pm?

b Through what angle does the hour hand of a clock rotate between 2
am and 10 pm?
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6.

a Through what angle does the minute hand of a clock rotate between
3:25 am and 3:50 am?

b Through what angle does the minute hand of a clock rotate between
4:10 pm and 6:25 pm?

Exercise Group. For Problems 7-12, calculate the degree measure of the
unknown angle, and sketch the angle in standard position.

7. 8.
1 10 60 70 go
50
100 40 100
30 110
20 120
45° 45° 10 80° 130
an electrical meter dial 0 140
a speedometer
9 10.

a sundial

a revolving door

11. 12.

83°

a swinging pendulum

a Ferris wheel

Exercise Group. For Problems 13-18, find two angles, one positive and one
negative, that are coterminal with the given angle.

13. 40° 14. 160° 15. 215°
16. 250° 17. 305° 18. 340°

Exercise Group. For Problems 19-24, find a positive angle between 0° and
360° that is coterminal with the given angle.

19. —65° 20. —140° 21. —290°
22. —325° 23. —405° 24. —750°

Exercise Group. For Problems 25-26, use the grid provided below.
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25.

26.

AT 1 T~
/ \
/ \
L
]
\ /
\ /

Draw two different angles @ and 3 in standard position whose sine is
0.6. Note that the radius of the circle is 1,

a Use a protractor to measure o and f.

b Find the reference angles for both a and 5. Draw in the reference
triangles.

Draw two different angles 6 and ¢ in standard position whose sine is
—0.8.

a Use a protractor to measure 6 and ¢.

b Find the reference angles for both 6 and ¢. Draw in the reference
triangles.

Exercise Group. For Problems 27-28, use the grid provided below.

27.

28.

AT 1 T~
/ \
/ \
L
]
\ /
\ /

Draw two different angles « and 8 in standard position whose cosine
is 0.3.

a Use a protractor to measure o and f.

b Find the reference angles for both « and 5. Draw in the reference
triangles.

Draw two different angles # and ¢ in standard position whose cosine
is —0.4.

a Use a protractor to measure 6 and ¢.
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b Find the reference angles for both # and ¢. Draw in the reference
triangles.

Exercise Group. For Problems 29-34, find the reference angle. Make a
sketch showing the angle, the reference angle, and the reference triangle.

29. 100° 30. 125° 31. 216°

32. 242° 33. 297° 34. 336°

Exercise Group. For Problems 35-40, find three angles between 90° and
360° with the given reference angle, and sketch all four angles on the same grid.

35. 15° 36. 26° 37. 40°
38. 50° 39. 68° 40. 75°

Exercise Group. For Problems 41-48, use the values given below to find
the trigonometric ratio. Do not use a calculator!

cos(23°) = 0.9205 sin(46°) = 0.7193 tan(78°) = 4.7046

41. cos(157°) 42. sin(226°) 43. sin(314°)
44. co0s(203°) 45. tan(258°) 46. tan(282°)
47. sin(—134°) 48. cos(—383°)

49. On the circle in the figure, all angles are shown in standard position. Find
the measure in degrees of the angles labeled (a)-(i).

90°

270°

50. Find the reference angle for each of your answers in Problem 45.
51.

a Draw three angles, one in each quadrant except the first, whose
reference angle is 60°.

b Find exact values for the sine, cosine, and tangent of each of the
angles in part (a).

52.
a Draw three angles, one in each quadrant except the first, whose
reference angle is 30°.
b Find exact values for the sine, cosine, and tangent of each of the
angles in part (a).
53.

a Draw three angles, one in each quadrant except the first, whose
reference angle is 45°.

b Find exact values for the sine, cosine, and tangent of each of the
angles in part (a).
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54. Complete the table with exact values.

0 30° 45° 60° 120° | 135° | 150° | 210° | 225° | 240° | 300° | 315° | 330°
cos(6)
sin(0)
tan(6)

55. In which two quadrants is the statement true?

a The sine is negative.
b The cosine is negative.

¢ The tangent is positive.
56. Find all angles between 0° and 360° for which the statement is true.

a cos(f) = —1 b sin(f) = -1 ¢ tan(f) = —1
57.

a Find two angles, 0 < 6 < 360°, with sin(f) = 0.

b Find two angles, 0 < 6 < 360°, with cos() = 0.
58.

a Find two angles, 0 < 6 < 360°, with sin(f) = cos 6.
b Find two angles, 0 < 6 < 360°, with sin(f) = — cos¥.

Exercise Group. For Problems 59-64, find a second angle between 0° and
360° with the given trigonometric ratio.

59. sin(75°) 60. cos(32°) 61. tan(84°)
62. sin(16°) 63. cos(47°) 64. tan(56°)

65. Explain why the definitions of the trigonometric ratios for a third-quadrant
angle (between 180° and 270°) are independent of the point P chosen on
the terminal side. Illustrate with a figure.

66. Explain why the definitions of the trigonometric ratios for a fourth-quadrant
angle (between 270° and 360°) are independent of the point P chosen on
the terminal side. Illustrate with a figure.

4.2 Graphs of Trigonometric Functions

A Periodic Function of Angle

Imagine that you are riding on a Ferris wheel. As the wheel turns, your
height above the ground increases and then decreases again, repeating the same
pattern each time the Ferris wheel makes a complete rotation. This pattern
is an example of a periodic function. We use periodic functions to model
phenomena that exhibit cyclical behavior, such as the height of tides, seasonal
patterns of growth in plants and animals, radio waves, and planetary motion.
We'll create a mathematical model for a ride on a Ferris wheel that has
a radius of 100 feet and rotates counterclockwise. Our model will be a function
that describes your height above the ground as you ride the wheel. In order
to graph the Ferris wheel function, we must first specify the input and output
variables, and then choose a coordinate system to display their values.
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We’ll place the origin at the center of the Ferris
wheel. Then the line from the origin to your
position on the wheel makes an angle with the 100’
horizontal, as shown at right. This angle, 0, will
be the input variable for the function. Your
height, h, is also a variable, and is related to h
the y-coordinate of your position; in fact, we 100’
see that h = y 4 100, because the center of the

wheel is 100 feet above the ground.

>

To simplify the model, we’ll first graph y as the output variable, instead
of h. As the angle 6 increases from 0° to 90°, your y-coordinate increases from
0 to 100. You are then at the top of the wheel. Then, as 6 increases from 90°
to 180°, your y-coordinate decreases from 100 back to 0.

100 100

210° 270°

30° | 90° 135°
60°

Finally, as 6 increases from 180° to 360°, your y-coordinate decreases from 0
to —100 and then increases from —100 back to 0. You have made one complete
rotation on the Ferris wheel. If you go around again, 6 increases from 360° to
720°, and the graph of your y-coordinate will repeat the pattern of the first
rotation. The figure above shows how your y-coordinate is plotted as a function
of the angle 6.

Look back at the diagram of the Ferris wheel and notice that sin(f) = {gm,
S0

y = 100sin(0)

For example, when 6 = 30°, the y-coordinate is

4
. o 1
y = 100sin (30°) = 100 <) =50 100/
2 50150’
o,

and your height above the ground is

h=y+100 =150 feet 100

In general, then, h is given as a function of 8 by
h =y + 100 = 100sin (8) + 100

This is our model for your height on a Ferris wheel ride.

The Sine Function

Our Ferris wheel model used values of sin(f), so let us explore its properties.
Remember that the trigonometric ratio sin(f) is actually a function of the angle
6. Thus, for each value of 8, there is only one value of sin(#), and we may write

£(6) = sin(6).
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Activity 4.3 Graph of the Sine Function. Graph the sine function
f(6) = sin(0).

1 First make a table of values. You can use your calculator’s table feature
to fill in the following values, rounded to two decimal places.

0 0° | 10° | 20° | 30° | 40° | 50° | 60° | 70° | 80° | 90°
sin(0)

2 Plot the points in the table and connect them with a smooth curve to
graph the sine function for angles in the first quadrant, from 0° to 90°.

Y

-1

3 Recall that the values of sin(#) for angles in the second quadrant can be
found using reference angles: sin(180° — ) = sin(d). This fact gives us
values of sin § from 90° to 180°.

0 100° | 110° | 120° | 130° | 140° | 150° | 160° | 170° | 180°

sin(6)

Continue your graph from part (2) for second quadrant angles.

4 The values of sin() in the third and fourth quadrants are the negatives
of their values in the second and first quadrants.

0 190° | 200° | 210° | 220° | 230° | 240° | 250° | 260° | 270°
sin(0)
0 280° | 290° | 300° | 310° | 320° | 330° | 340° | 350° | 360°
sin(0)
Continue your graph from part (3) for third and fourth quadrant angles.
Y
1
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5 The graph of f(0) = sin(#) from 0° to 360° is shown below.

)
1 A .
y.4 N\
/ N
4 N
0
0° - 60°120° 180k 240°300° - 60°
A /
\ /
A r'd
1 e f(

If we continue the graph for angles larger than 360° or smaller than 0°,
we find that the same pattern repeats, as shown below. This should not be
surprising, because we know that coterminal angles have the same trigonometric
ratios.

—360° —270° —18Q°-—90° 90°+— 1800 —270° —360° —450° — 5400 — 630° — 720°

N / N / N /

The sine is an example of a periodic function. The smallest interval on
which the graph repeats is called the period of the graph. From the graph in
the previous example, we make the following observations:

Properties of the Sine Function.
e The period of the sine function is 360°.

¢ The maximum and minimum function values are 1 and 1, respec-
tively.

e The graph oscillates around its midline, the horizontal line y = 0.

e The distance between the midline and either the maximum or
minimum value is called the amplitude of the function, so the
amplitude of the sine function is 1.

You can use your calculator to graph the sine function, by entering

Y1 =[5iN)
and pressing 7 for the trig window. The graph shows two periods of
the sine function, from § = —360° to # = 360°.

Checkpoint 4.20 Your height h on the Ferris wheel is a function of 6,
h =100 + y = 100 + 1005sin ()

a Complete the table of values and graph the Ferris wheel function, h =
F(9).

0 0° 30° 60° 90° 120° | 150° | 180°
sin(0)
h = F(0)
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0 210° | 240° | 270° | 300° | 330° | 360°
sin(6)
h=F(0)
h
200
100
0

60° 120° 180° 240° 300° 360°

b Give the period, amplitude, and midline of the graph.

Answer.
0 0° 30° 60° 90° 120° | 150° | 180°
a sin(6) 0 0.5 | 0.866 | 1.0 | 0.866 | 0.5 0
h=F(0) | 100 | 150 | 186.6 | 200 | 186.6 | 150 100

6 210° | 240° | 270° | 300° | 330° | 360°
sin(@) | —0.5 | —0.866 | —1.0 | —0.866 | —0.5 | 0
h=F(@®) | 50 134 0 134 | 50 | 100

100

\ /

. Y

0

60° 120° 180° 240° 300° 360°
b Period: 360°, amplitude: 100, midline: h = 100

The Cosine Function

In the previous exercise you graphed the height of a person riding on a Ferris
wheel. Your graph involved sin(#), because the sine function tells us the y-
coordinate of a point that travels around a circle. The cosine function tells us
the z-coordinate of a point that travels around a circle.

Example 4.21

Small adjustments to the fit of a bicycle can affect
both the cyclist’s efficiency and the stress on his or
her jounts. The KOPS rule (Knee Over Pedal Stem)
aligns the cyclist’s knee directly over the pedal at
the point of maximum force, as shown at right. As
the cyclist’s foot rotates away from this KOPS line)
stress on the knee increases.
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a Suppose the pedal crank is 18 centimeters long. When the crank makes
an angle 6§ with the horizontal, how far is the cyclist’s foot displaced
horizontally from the KOPS line?

b Graph the horizontal displacement, d, as a function of 6.

Solution.

a The cyclist’s foot travels around a circle of radius 18 centimeters. If we
place the origin at the center of the chain gear, the z-coordinate of the
foot is given by

x = rcos(f) = 18 cos(d)

(See the figure at right.) The KOPS line is d
the vertical line x = 18, so the horizontal 18
distance between the cyclist’s foot and the 0 4

KOPS line is

d =18 — 18 cos(f)

b You can use your calculator to verify the table and graph for the function
d =18 — 18 cos(0)

shown below.

0| 0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
d| 0|24 9 18 27 33.6 36 33.6 27 18 9 2.4 0

36
30 / AN

24 / \
18

12 / \

6r—1/ AN

0
0° 60° 120° 180° 240° 300° 360°
O
In the example above, the period is 360°, the amplitude is 18 cm, and the
midline is d = 18.
You can see that the cosine graph is similar to the sine graph, but they are
not identical.

Checkpoint 4.22

a Complete the table below with values rounded to two decimal places.
Use the table and your knowledge of reference angles to graph the cosine
function, f(6) = cos(f) from —180° to 540°.

0 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
cos(0)
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—180°—-90° 90°-—1180°+—270° +—360° —450° —540°

-1

b Use your graph to find the period, amplitude, and midline of the cosine
function. How does the graph of cosine differ from the graph of sine?
(Hint: Consider the intercepts of the graph, and the location of the
maximum and minimum values.)

Answer.
a 0 0° | 10° | 20° | 30° | 40° | 50° | 60° | 70° | 80° | 90°
cos(d) | 1 | 0.98 | 0.94 | 0.87 | 0.77 | 0.64 | 0.50 | 0.34 | 0.17 | O
Yy
/ \ / N\
/ \ / \
/ \ / \
0
—180°—-/90° 90% +—180° 0°—360° —450° —540°
/
/ \ |/ \
-1

b Period: 360°, amplitude: 1, midline: y = 0. The cosine graph starts
(6 = 0°) at its high point, while the sine graph starts (6 = 0°) at its
midline.

Interlude: Review of Function Notation

Perhaps it is time to review our use of function notation. Recall that we use
the notation y = f(x) to indicate that y is a function of x, that is, x is the
input variable and y is the output variable.

Example 4.23 Make a table of input and output values and a graph for the
function y = f(x) = V9 — z2.

Solution. We choose several values for the input variable, x, and evaluate
the function to find the corresponding values of the output variable, y. For
example,

Y
4
We plot the points in the table and con-
nect them to obtain the graph shown at ) /"2’ ‘\\
right. z|-3|-2| -110 1 2 3 / \
gyl 0 [vB[2v2|3]|2v2 |50 1
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Of course, we don’t always use x and y for the input and output variables.
In the previous example, we could write w = f(t) = v/9 — t? for the function,
so that ¢ is the input and w is the output. The table of values and the graph
are the same; only the names of the variables have changed.

Note 4.24 When we discuss trigonometric functions, there are several variables
involved. Our definitions of the trig ratios involve four variables: x, y, 7, and 6,
as illustrated below.

P(z,y

If the value of r is fixed for a given situation, such as the Ferris wheel or
the bicycle wheel discussed above, then x and y are both functions of #. This
means that the values of x and y depend only on the value of the angle 6. If
r =1, we have

x = f(0) = cos(d)
y = g(0) = sin(0)
The graphs of these functions are shown below. Note particularly that the

horizontal axis displays values of the input variable, and the vertical axis
displays the output variable.

T Y

—90° 9 180° 270° 360° 450° —90° 90° 180] 270° 260° 450°

If we use different variables for the input and output, the functions and
their graphs are the same, but the axes should be labeled with the appropriate
variables.

Checkpoint 4.25 Sketch a graph of each function, and label the axes.

a d= F(¢) = sin(e) b t=G(B) = cos(B)
Answer.
a d b
t
—1

¢
—907/1 90 180R270°360°450° ~90° | 90N\180°270°360°450°
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Caution 4.26 When we write cos(f), we are using "cos" as the name of a
function whose input is 6.

A common mistake is to think of cos(#) as a product, cos times 6, but this
makes no sense, because "cos" by itself has no meaning. Remember that cos(6)
represents a single number, namely the output of the cosine function.

The Tangent Function

The tangent function is periodic, but its graph is not similar
to the graphs of sine and cosine. Recall that the tangent of
an angle in standard position is defined by

tan(d) = %

Study the figure at right to see that as 6 increases from 0°
to 90°, y increases while = remains constant, so the value
of tan(#) increases.

Example 4.27 Sketch a graph of f(6) = tan(#) for 0° <6 < 180°.

Solution. You can use your calculator to verify the following values for tan 6.

10 y
8
0 0° | 30° | 60° | 70° | 80° 85° As
tan(6) | 0 | 058 | 1.73 | 2.75 | 5.67 | 11.43 6
0 gets closer to 90°, tan(f) increases 4 /
very rapidly. Recall that tan(90°) is /
undefined, so there is no point on 2 /’
the graph at 8 = 90°. The graph of 0
f(0) = tan(6) for 0 < 6 < 90° is shown 30° 60° 90° 120°150°180°
at right. 2
-4

For 6 in the second quadrant, the tangent is negative. The reference angle
for each angle in the second quadrant is its supplement, so

(_'Tvy) (Z,y)
tan(f) = — tan(180° — 0)

as shown at right. For example, you can
verify that

tan(130°) = — tan(180° — 130°) = — tan(50°) = —1.19
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10 )
8
. 6
In particular, for values of 6 close to /
90°, the values of tan(f) are large neg- 4 /
ative numbers. We plot several points o y
and sketch the graph in the second S

0T 1o0° [ 110° T 120° [150° T I80%G o o 12027 150°
tan(d) | —5.67 | —2.75 | —1.73 | —0.58 -2 {0 B
the figure at right, note that the graph has a

break at # = 90°, because tan(90°) is undefined. 1
6

quadrant.

-8

-10

|

Now let’s consider the graph of f(f) = tan(f) in the third and fourth

quadrants. The tangent is positive in the third quadrant, and negative in the

fourth quadrant. In fact, from the figure below you can see that the angles 6
and 180° + 6§ are vertical angles.

Because 6 and 180° + 6 have the same reference angle, they have the same
tangent. For example,

tan(200°) = tan(20°)
tan(230°) = tan(50°)
tan(250°) = tan(70°)

Thus, the graph of tan(f) in the third quadrant is the same as its graph in
the first quadrant. Similarly, the graph of the tangent function in the fourth
quadrant is the same as its graph in the second quadrant. The completed graph
is shown below.

4 8 A A
6
4
JL L /
/ / /
~180° | 9077 90° 180° | 270° 1 360"0
[ [ [
6
4 -8 y y

Checkpoint 4.28
a What is the period of the tangent function?

b Does the graph of tangent have an amplitude?
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¢ For what values of 0 is tan(f) undefined?
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d Give the equations of any horizontal or vertical asymptotes for 0° < 6 <

360°.
Answer.
a 180°
b No

¢ 90°, 270°, and their coterminal angles

d 6=090°, 6=270°

Period, Midline and Amplitude

All sine and cosine graphs have the characteristic "wave" shape we’ve seen in
previous examples. But we can alter the size and frequency of the waves by
changing the formula for the function. In the next example we consider three

variations of the sine function.

Example 4.29 Make a table of values and sketch a graph for each of the
functions. How does each differ from the graph of y = sin(6) ?

a y = 3sin(f) b y =3+ sin(f) ¢ y = sin(30)
Solution.
a We make a table with multiples of 45°.
0 0° | 45° | 90° | 135° | 180° | 225° | 270° | 315° | 360°
y=3sin(6) [0 [ 21 [3 [21 [o —21[-3 [ =210
We plot the points, and connect them Y
with a sine—shaped. wave. Compare the 3 &y = 3sin(6) |
graph, shown at right, to the graph of 2 1
y = sin(#). The graph is like a sine graph, 1 -y = sin(6)
except that it oscillates between a maxi- . # O 4
mum value of 3 and a minimum value of -1 90" 18ONIL=A960
—3. The amplitude of this function is 3. -2
-3
b Again, we make a table of values with multiples of 45° and plot the points.
0 0° | 45° | 90° | 135° | 180° | 225° | 270° | 315° | 360°
y=3+sin@) | 3 3.7 | 4 3.7 3 2.3 2 2.1 3
This graph has the same amplitude as Y
y = sin(@), but the entire graph is shifted 5 T T
up by 3 units, as shown at right. The 4 y = 3+ sin(0)
midline of this function is the line y = 3. 3
2
1 y = sin(f)-
; 0
1 *,9(‘)07,18‘0 QZP/ 6‘00

¢ This time we’ll make a table with multiples of 15°.
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0 15° | 30° | 45° | 60° | 75° 90° | 105° | 120° | 135° | 150° | 165° | 180°
y=sin(30) | 0.7 | 1 0.7 10 -07|-11]-071]0 0.7 1 0.7 0

You can continue the table for § between Y

180° and 360°, and plot the points to 3t
find the graph shown at right. The graph 2y = Sin(ﬁ)f%ggi—n‘(%)
has the same amplitude and midline as 1 Yt ﬂ\ - {

y = sin(f), but it completes three cycles ) 0
from 0° to 360° instead of one cycle. The *7\9.0/7,18 élﬁ)&%)
period of this graph is one-third of 360°, ‘
or 120°. -3

The graphs in the previous example illustrate a general rule about sine and
cosine graphs.

Amplitude, Period, and Midline.

1 The graph of
y = Acos(d) or y= Asin(0)
has amplitude |A|.
2 The graph of

y=cos(BO) or y=sin9
1Bl
3 The graph of

has period

y=k+cos(@) or y=k+sin(0)

has midline y = k.

Checkpoint 4.30 Sketch a graph for each of the following functions. Describe
how each is different from the graph of y = cos#.

a h(0) = 2cos(0) b g(0) = cos(26) ¢ f(0) =2+ cos(h)
Answer.
Y
2
a ! 0 The amplitude is 2.
1 9 \ 180 / 70 | 360
S INIAT ]
Y
2
b ! P The period is 180°.
1 180 170/ 360
NEREREREN
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¢ The midline is y = 2.

0

90 180 270 360
The quantities A, B, and k in the equations above are called parameters,
and their values for a particular function give us information about its graph.

Example 4.31 State the period, midline, and amplitude of the graph of
y = —3 + 4sin(36), and graph the function.

Solution.

For this function, A = 4, B = 3, ‘ y = f?T+4sin}?[>\6) ‘
and k = —3. Its amplitude is 4 ; ; ; >0
o ’ [\ oo [ koo AT\ 3600
its period is = 120°, and its -2 [ 7L \§ ’é \
midline is y = —3. The graph is -4
shown at right. 6

~—
T
~—

\
\

//
~_

O

Checkpoint 4.32 State the period, midline, and amplitude of the graph of
y =1 —3sin(26), and graph the function.

Answer.

Amplitude 3, period 180°, midline y =1

\ 0
0°—+ 18‘0 +270° —736‘0"

Review the following skills you will need for this section.

Algebra Refresher 4.4

a Graph the function.

b Give the coordinates of any intercepts, and any maximum or minimum

values.
1f(a:)=—6—|—§x 4q(t)=9-1
2g(x):4—gx 5 F(z)=2—-+z
3p(t)=t>—4 6 G(z) =vV4—z

Algebra Refresher Answers
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Y y
4
T\
1 a 1 ( T 4 a
[N
. [
- \4
_ b (0,9), (-3,0), (3,0),
b (0.-6), (9,0) Max: 9
Y y
774 74
2 a
z 5 a 2
-4 |
g N Y z
. NEEEE
b (0,4), (370> b (0,2), (4,0), Max: 2
y y
4
\ L -
3 a \ / 6 a
t
—4 4 z
—4 4
‘7 ‘ 9 ‘
b (0,—4), (-2,0), (2,0), b (0,2), (4,0), Min: 0
Min: —4
Section 4.2 Summary
Vocabulary
o Input variable e Period e Asymptote
e Output variable e Midline * A.ngle of Inclina-
tion
e Periodic function o Amplitude e Bearings
Concepts
1

Coordinates.

If point P is located at a distance r from the origin in the direc-
tion specified by angle 6 in standard position, then the coordinates
of P are

x=rcos(d) and y=rsin(h)

2 Navigational directions for ships and planes are sometimes given as
bearings, which are angles measured clockwise from north.

3 Periodic functions are used to model phenomena that exhibit cyclical
behavior.

4 The trigonometric ratios sin(f) and cos(f) are functions of the angle 6.
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5 The period of the sine function is 360°. Its midline is the horizontal
line y = 0, and the amplitude of the sine function is 1.

6 The graph of the cosine function has the same period, midline, and
amplitude as the graph of the sine function. However, the locations of
the intercepts and of the maximum and minimum values are different.

7 We use the notation y = f(z) to indicate that y is a function of z, that
is, x is the input variable and y is the output variable.

8 The tangent function has period 180°. It is undefined at odd multiples of
90°, and is increasing on each interval of its domain.

Angle of Inclination.

The angle of inclination of a line is the angle o measured in
the positive direction from the positive z-axis to the line. If the
slope of the line is m, then

tana =m

where 0° < o < 180°.

Study Questions

1 Use the figure to help you fill in the blanks.

a As 6 increases from 0° to 90°, f(6) = sin(6) from to
b Q increases from 90° to 180°, f(0) = sin(6) from to
c @ increases from 180° to 270°, f(6) = sin(6) from to
d @ increases from 270° to 360°, f(0) = sin(6) from to
- 10
N\
2 Use the figure to help you fill in the blanks. __% |,
r=1
a As 0 increases from 0° to 90°, f(0) = cos(h) from to
b E increases from 90° to 180°, f(6) = cos(6) from to
c E increases from 180° to 270°, f(#) = cos(6) from

to
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d As 6 increases from 270° to 360°, f(6) = cos(6) from
to

3 List several ways in which the graph of y = tan6 is different from the
graphs of y = sin(0) and y = cos(6).

4 If the angle of inclination of a line is greater than 45°, what can you say
about its slope?

Skills
1 Find coordinates #1-12, 19-20
2 Use bearings to determine position #13-18
3 Sketch graphs of the sine and cosine functions #21-26, 31-32
4 Find the coordinates of points on a sine or cosine graph #27-30, 41-44
5 Use function notation #33-40
6 Find reference angles #45-48
7 Solve equations graphically #49-56
8 Graph the tangent function #57-60

9 Find and use the angle of inclination of a line #61-70

Homework 4.2

1.
a Prepare a graph with the horizontal axis scaled from 0° to 360° in
multiples of 45°.
b Sketch a graph of f(8) = sin(@) by plotting points for multiples of
45°.
2.
a Prepare a graph with the horizontal axis scaled from 0° to 360° in
multiples of 45°.
b Sketch a graph of f(6) = cos(#) by plotting points for multiples of
45°.
3.
a Prepare a graph with the horizontal axis scaled from 0° to 360° in
multiples of 30°.
b Sketch a graph of f(6) = cos(d) by plotting points for multiples of
30°.
4.

a Prepare a graph with the horizontal axis scaled from 0° to 360° in
multiples of 30°.

b Sketch a graph of f(#) = sin(6) by plotting points for multiples of
30°.
Exercise Group. For Problems 5-8, give the coordinates of each point on
the graph of f(6) = sin() or f(#) = cos(0).
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Explain how you know which is which.

A o

Exercise Group. For Problems 11-18, evaluate the expression for f(6

sin(f) and g(0) = cos(H).
11. 3+ f(30°)
13. 4g(225°) —
15.

—2£(30), for § = 90°

17. 8 —5g <§), for 6 = 360°

12.
14.

3(30°)

16.

5.
a 144
/ ALY y. 4 AN
/ AN V4 AN
y4 \ y4 \
c 7> 0
—3§0 \\ —90 // 99 © \\ 27‘0 ]
— N/ \ N A
1 "1 \ Ny
c
6.
a 14 e
7N\ /| \
/[ LY y 4 \
y4 7'd \
> 0
—360° N —90° 1/ 90° N 270° ]
[ N L | NI A
- N[/ | N/
1 7
7.
A_d
AN c /T 1N\ 7
AN y 1 AN p4
\ 7 \ 1/
—360° T\, —180° / N 180°—/360°
[ L WY 4 L U 4 |
@ N/ e N/ ]
1 1 A NP~ ]
b
8.
4
a
AL\ [/ AN /
AN / AN /
\ y4 \ y4
—3§0° \\‘—1800‘/7 \\ 18‘0o // 36‘00
1 AN & L N 1 |
I NI 1 AT f |
(&
9. Make a short table of values like the one shown, and sketch the function
by hand. Be sure to label the x-axis and y-axis appropriately.
0 0° 90° | 180° | 270° | 360°
f(9)
a f(0) =sin(0) b f(0) = cos(0)
10. One of these graphs is y = Asin(kf), and the other is y = A cos(k0).

—442¢(225°) —

18.

1
6f (Z) for 6 = 90°

1 —4g(48), for 6 = 135°
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19. The graph shows your height as a function of angle as you ride the Ferris
wheel. For each location A-FE on the Ferris wheel, mark the corresponding
point on the graph.

¢ B

b
<

20. The graph shows your height as a function of angle as you ride the Ferris
wheel. For each location F—J on the graph, mark the corresponding point
on the Ferris wheel.

Q
N
ES

Ir

11

1

21. The graph shows the horizontal displacement of your foot from the center
of the chain gear as you pedal a bicycle. For each location K—O on the
chain gear, mark the corresponding point on the graph.

M

&~
>

N o

22. The graph shows the horizontal displacement of your foot from the center
of the chain gear as you pedal a bicycle. For each location P-T on the
graph, mark the corresponding point on the chain gear.

P

Q
[95)
)
ES

=

23.

a Fill in the table for values of tan(). Round your answers to three
decimal places.

0 81° 82° 83° 84° 85° 86° 87° 88° 89°
tan(6)

b What happens to tan(f) as 6 increases toward 90°?

¢ Fill in the table for values of tan(f). Round your answers to three
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decimal places.
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0 99° 98° 97° 96° 95° 94° 93° 92°

91°

tan(6)

d What happens to tan(f) as 6 decreases toward 90°7?

e What value does your calculator give for tan(90°)? Why?
24.

a Fill in the table with exact values of tan(f). Then give decimal

approximations to two places.

0 0° 30° 45° 60° 90° | 120° | 135° | 150°

180°

tan(f) (exact)

tan(f) (approx.)

b Fill in the table with exact values of tan(f). Then give decimal

approximations to two places.

0 180° | 210° | 225° | 240° | 270° | 300° | 315° | 330°

360°

tan(f) (exact)

tan(6) (approx.)

¢ Plot the points from the tables and sketch a graph of f(68) = tan(6).

Yy
10
8
6
4
2
0
D) 90 180 270 360
-4
-6
-8
-10
25. Write an equation for a sine function with amplitude 6.
1
26. Write an equation for a cosine function with amplitude 5
27. Write an equation for a cosine function with midline —5.
28. Write an equation for a sine function with midline 2.
29. Write an equation for a sine function with period 90°.
30. Write an equation for a cosine function with period 720°.
Exercise Group. For Problems 31-36,
a Graph the function.
b State the amplitude, period and midline of the function.
31. y = 3cos(h) 32. y =4sin(0)
Y Y
4 4
2 2
0 0
|1 6011201801 240.300.360 |1 6012011802401 300.360
-2 -2
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33. y=3+sin(h) 34. y=—2+cos(d)
) Y
4 4
2 2
0 0
|1 6012011801240 1300.1360 |1 6012011802401 300.360
-2 -2
4 -4
35. y = cos(30) 36. y =sin(26)
Y Y
2 2
1 1
0 0
60 | 120 | 180|240 | 300 | 360 60 | 120 | 180 | 240 | 300 | 360
-1 -1
) -2

Exercise Group. For Problems 3742, give the coordinates of the points on
the graph.

37. f(6) =—3cos(h) 38. f(0) = —4sin(0)
v y
| |
B 7/E
0
C L g
) \ 1/
ferm
39. f(6) =sin(40) 40. f(0) = —cos(36)
y ]
\
p !
AAAA NRANTANS .
5 ) S\ ] [ T\]]
VNN T
R
41. f(0) = —3 + cos(0) 42. f(0) =1+ sin(0)
y y
0 \
) U
IX Y H
| /,“" 0
|

Exercise Group. For Problems 43-48, graph the function using technology.
State the amplitude, period, and midline.
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43. y =3+ 4cos(h) 44. y = —4+ 3sin(d)
45. y = 5sin(26) 46. y = 6cos(46)
47. f(0) = —4 + 3sin(30) 48. f(0) =2+ 4cos(30)

Exercise Group. For Problems 49-56,
a State the amplitude, period, and midline for the graph.

b Write an equation for the graph using sine or cosine.

49. 50.
Yy Yy
R AR/ AVER/AYEN/A) 21/ \ )
N do \ako \ofio Nafo L —79‘07—13\\——270—7 0
71 | | |
] \ _ !
. \ Sl ——
51. 52.
Yy Y
4 3
9 [
779‘ 180+ 707736‘)0
\
9 -3 T \
90 | 180 | 270 | 360
53. 54.
) Yy
2 T 111
N Ly 1
5 —90—+ N80-+270-+360 o0 | 180 270 360 [
_ NErrasal
b "/ SNAA
-3
—6
55. 56.
Yy Yy
4 21 o
[ I A 0
L 1ph7o\ -
9 . 190/}-1%0- P70k 360
Vo
; g /
60 1120/180/240/300/360

Exercise Group. For Problems 57-62, write the equation of a sine or cosine
function with the given properties.

57. Midline y = —4, amplitude 6, period 120°

3
58. Midline y = 5, amplitude 2 period 180°
59. Maximum points at (0°,5) and (360°,5), minimum point at (180°,1)
60. Maximum point at (90°,1), minimum point at (270°, —3)
61. Horizontal intercepts at 45° and 135°, vertical intercept at (0°,12)
62. Horizontal intercepts at 30° and 90°, vertical intercept at (0°, —8)

Exercise Group. For Problems 63-66, the table describes a sine or cosine
function. Find an equation for the function.
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63.
6 ]0°] 45° | 90° | 135° | 180° | 225° | 270° | 315° | 360°
FO) | 7 [556 | 2 | —154 | —3 | —154| 2 | 554 | 7
64.
0 ]0°] 45° | 90° | 135° | 180° | 225° | 270° | 315° | 360°
FO) [ 1 [312] 4 312 1 |-112] —2 |-112| 1
65.
0 ] 0°| 45° |90° | 135° | 180° | 225° | 270° | 315° | 360°
FO) [0 | —283 | —4| 28| 0 |28 | 4 |28 | 0
66.
9 | 0° | 45° | 90° | 135° | 180° | 225° | 270° | 315° | 360°
F0) | =9 =636 0 | 636| 9 |636| 0 | —636] —9

4.3 Using Trigonometric Functions

Solving Trigonometric Equations

One of the main reasons we learned about reference angles is to help us solve
trigonometric equations. Remember that there are always two angles between
0° and 180° with a given sine ratio between 0 and 1.
For example, the two solutions to the equation sin(f) = 0.4226 are 25°
and 155°. That is,
sin(25°) = sin(155°) = 0.4226

These two angles are supplementary, so they have the same reference angle, as
shown below.

a. b.

There are also two solutions between 0° and 360° to the equation sin(f) =
—0.4226. They are the angles in the third and fourth quadrants whose reference
angle is 25°, namely 205° and 355°, as shown above. But your calculator will
only give you one of these angles!

Example 4.33 You are riding on the Ferris wheel we modeled in Section 4.2,
where your height above ground is given as a function of 6 by

h =100 + 100sin(#)

When your height is at least 136 feet, you can see the snow on a distant mountain
range. Between what angles of rotation can you see snow?

Solution.
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Look at the diagram of the Ferris wheel to \
see that when your height is 136 feet, the

36
sine of the angle 0 is 100" or 0.36. The angle

!
with sine 0.36 is 036

sin~1(0.36) = 21.1° 136" 100/

And you will be able to see snow until you descend again below 136 feet.
That will happen at the angle in the second quadrant with sine 0.36, namely,
the second quadrant angle with reference angle 21.1°. And that angle is

180° — 21.1° = 158.9°.

O

Checkpoint 4.34 Refer to the Example in Section 4.2. about the Knee Over
Pedal Stem Rule. The distance between the cyclist’s foot and the KOPS line is

d =18 — 18 cos(0)

At what angles is the cyclist’s knee within 9 centimeters of the KOPS line?

Answer.
< 9>
18
When the angle of the crank is between 0° and 7560°
60°, and again between 300° and 360°. 300°
=18

Example 4.35 Solve the equation sin(f) = —0.6428 for angles between 0°
and 360°. Round your answers to the nearest degree.

Solution. Use your calculator to evaluate
sin~!(—0.6428) = —40°

The angle —40° is in the fourth quadrant, but it is not between 0° and 360°.
We need an angle that is coterminal with —40°, so we add 360°.

—40° + 360° = 320°

Thus, one of the solutions is 320°.

The sine is also negative in the third quadrant, so Y
there should also be a solution in the third quadrant.
The reference angle for 320° is 40°, and the third-
quadrant angle with reference angle 40° is 220°, as /\
shown at right. You can check that, rounded to four £
decimal places, both angles satisfy the equation,
that is,

40° 40°

220° 320°

sin(320°) = —0.6428 and  sin(220°) = —0.6428
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Note 4.36 In the previous example we found two solutions of the equation
sin(f) = —0.6428. Actually, there are infinitely many solutions -- namely, all
the angles coterminal with 320° or 220°. Because we can easily find coterminal
solutions by adding or subtracting multiples of 360°, when solving an equation
we usually list only the solutions between 0° and 360°.

Caution 4.37 When you ask your calculator to find an angle with a given sine
(or cosine or tangent), it will give you only one of the many possible answers.
You must be careful to choose the appropriate answer for the situation, using
reference and coterminal angles.

Checkpoint 4.38 Solve the equation tan(f) = —0.4 for angles between 0° and
360°.
Answer. 338.2°, 158.2°

The Unit Circle

Now that we are thinking of angles as rotations, we’ll introduce a tool called
the unit circle that will be useful as we proceed.

Figure (a) below shows an angle of 30° in standard position in a circle of
radius 2. The hypotenuse of its reference triangle is the radius of the circle, so
the legs of the triangle have lengths 1 and v/3. The coordinates of the point P
where the terminal side meets the circle are thus (y/3,1). (You can check that
these coordinates satisfy the equation of the circle, 22 + y? = 4.)

Y Y

ey ey
I Y a— | ks x

a. b.

Now consider the circle of radius 1 in Figure (b). A circle of radius 1 is
called a unit circle. In this figure, the hypotenuse of the reference triangle for
30° has length 1. What are the coordinates of the point ) where the terminal
side meets the circle? Each side of this triangle is % the length of the sides of

2032
again, you should check that these coordinates satisfy the equation of the circle,
2 2 _
> +y =1)
Perhaps you recognize the coordinates of the point (). Because r = 1 in this
circle, the definitions of the sine and cosine are

the similar triangle in Figure (a), so the coordinates of @ are (\/3 1) (Once

cos(f) = . % =z and sin(d) = L
r r

We see that the coordinates (z,y) of @ are given by (cos(6),sin(f)). We have
discovered an important property of unit circles.

Angles in a Unit Circle.

Let P be a point on a unit circle determined by the terminal side of
an angle 6 in standard position. Then the coordinates (z,y) of P are
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given by
x = cos(0), y = sin(0)

Example 4.39

Yy
Find the coordinates of point P on the unit circle
shown at right. N x
& 315° N\ H
1
P

Solution. The coordinates of P are given by
x = cos(315°), y =sin(315°).

The reference angle for 315° is 360° — 315° = 45° so the trig ratios of 315°
are the same as the ratios for 45°, up to sign.
Because 315° is in the fourth quadrant, we have cos(315°) = % and

sin(315°) = \_/—% Thus, the coordinates of P are (%, ;—%) O
Checkpoint 4.40
Y
22 +yt=1
Find the sine, cosine, and tangent of the >
angle ¢ shown at right. N x
y=—07

Answer. sin(p) = —0.7000, cos(p) = —0.7141, tan(p) = 0.9802
Activity 4.5 Unit Circles.
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1 Use a protractor to draw an angle 36° in standard position.

a Estimate the coordinates of the point P where the terminal side of
the angle intersects the circle of radius r = 2.

b Calculate approximate values for cos(f) and sin(6) using the coordi-
nates of P.

¢ Estimate the coordinates of the point ) where the terminal side of
the angle intersects the circle of radius r = 1.

d Calculate approximate values for cos(f) and sin(f) using the coordi-
nates of Q.

2 Use a protractor to draw an angle 107° in standard position. Repeat
parts (a)-(d) for this new angle.

3 Use a protractor to draw an angle 212° in standard position. Repeat
parts (a)-(d) for this new angle.

4 Use a protractor to draw an angle 325° in standard position. Repeat
parts (a)-(d) for this new angle.

5 What do you notice about the coordinates of the point located on the
unit circle by an angle and the values of the trig ratios of that angle?

Location by Coordinates

One of the most useful applications of the trigonometric ratios allows us to find
distances or locations specified by angles. Starting with the definitions of sine
and cosine,

cos(f) = % and  sin(f) = %

we can solve for x and y, the coordinates of points on the terminal side of the
angle, and obtain the following results.
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Coordinates.

If point P is located at a distance r from the origin in the direction
specified by angle 0 in standard position, then the coordinates of P are

x =rcos(f) and y = rsin(0)

These formulas make sense when we think Yy
of the unit circle. On a unit circle, the P
coordinates of a point designated by angle (r cosf,r sinf)

0 are (cos(9)7sin(9)>, as shown at right.

On a circle of radius r, the angle 0 forms a
similar triangle whose dimensions are scaled
up by a factor of r. In particular, the legs
of the new triangle are r times larger than
the original triangle.

Example 4.41 Point P is located 6 centimeters from the origin in the direction
of 292°. Find the coordinates of P, rounded to hundredths.

Solution.

The location of point P is shown at right. We
see that r = 6, and we can use a calculator to
evaluate cos(292°) and sin(292°).

x =1rcos(292°) and y=rsin(292°)
= 6(0.3746) 6(—0.9272)
= 2.2476 = —5.5632

The coordinates of P are approximately
(2.25, —5.56).

Checkpoint 4.42 You find an old map that shows a buried treasure located
500 yards from the big oak tree in the direction 215°, as shown below. You
don’t have anything with you to measure angles, but you have your calculator.

N
a Find the cosine of 215°. How far west 1
should you walk from the big oak in order

to be directly north of the treasure? 215°

N
b Find the sine of 215°. How far south oak tree
should you walk from your present loca-

tion before you begin digging?

treasure

Answer.

a 409.58 yds b 286.79 yds
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Bearings

Navigational directions for ships and planes are
sometimes given as bearings, which are angles
measured clockwise from north. For example, 110°
a bearing of 110° is equivalent to an angle of

—20° in standard position, or to its coterminal ¢ = 340°
angle 340°, as shown at right.

From this example, we see that to convert a bearing to an angle 6 in standard
position, we can subtract the bearing from 90°, or

6 = —bearing + 90°

Example 4.43 Francine leaves the airport at a bearing of 245° and flies 60
miles. How far south of the airport is she at that time?

Solution. A bearing of 245° is in the same direction as an angle of

—245° 4 90° = —155° N
. . . bearing
in standard position, as shown at right, or 0 — 205° 2450

as the coterminal angle o
Y
—155° + 360° = 205°. m/

We would like the y-coordinate of Francine’s position, so we calculate
y = rsin(205°).

y = rsin(205°)
= 60(—0.4226) = —25.36

Francine is about 25.4 miles south of the airport. (|

Checkpoint 4.44 Delbert leaves the airport and flies 150 miles at a bearing
of 132°. How far east of the airport is he at that time?

Answer. 111.5 mile

Angle of Inclination

The tangent function also has applications in Y
measurement. The figure at right shows a line

in the xy-plane. The angle o measured in the

positive direction from the positive z-axis to the T
line is called the angle of inclination of the

line.

Recall that the slope of a line is given by the ratio Y

Ay  change in y )
m=—— = ———" as we move from one point
Az  change in z

to another on the line. So, if we create a right

triangle by dropping a perpendicular segment from
opposite

>

the line to the x-axis, the ratio of sides

adjacent
gives the slope of the line. /

pposite

o .
But the ratio ~dincent is also the tangent of the angle a.

adjacent
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Angle of Inclination.

The angle of inclination of a line is the angle a measured in the
positive direction from the positive x-axis to the line. If the slope of the
line is m, then

tan(a) = m

where 0° < o < 180°.

Example 4.45 Find the angle of inclination of the line y = %x —3.

Solution.
The slope of the line is %. Therefore, Y
\
3 8
tan(a) = — ‘
4 4
—1 3 o
a = tan -] =236.9 > T
4 9 4‘174‘;771‘277 1‘6
\
The angle of inclination is 36.9°. _% [ [TTTT]
|
Checkpoint 4.46
Yy
Find the angle of inclination of the line 3
shown at right, 9
6 1
y=-—x+2
’ NES

Answer. 129.8°
Thinking about slope and the angle of inclination can help us understand
the graph of the tangent functin.

Example 4.47

a What happens to the slope of a line as its angle of inclination « increases
from 0° toward 90°7

b What happens to the slope of a line as its angle of inclination « decreases
from 180° toward 90°7

Solution.
— o

. 27 5% = 60°

o = 45°

. a = 30°
Consider the slopes of the

a lines shown at right, as «

a | 0° ] 30° | 45° | 60° | 75° | 85°

m|0]06| 1 |17]37 114

increases.
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t

The slopes increase towards infin-

w
\

ity as a increases. But the values 9

of the slope m are the values of /

tan(«), and if we plot those val- 1 /"

ues against a, we see the graph a

of the tangent function emerging. . 30° 60° 90° 120°150°180°
2

o = 120°@ = 1057
a = 135° 1

Now consider the slopes o =150°

b of the lines as « de- N
creases from 180° toward \ z
g(° | 180° [ 150° [ 135° [ 120° | 105° [ 95° |
T o [-o6[ -1 [-17][-37]-115|

L

2
The slopes decrease towards neg- 1 //
ative infinity as « decreases. But, N
as before, the values of the slope 30° 60° 90° 12009 180°
m are the values of tan(«), and -1
if we plot those values against «,

-2
we see the graph of the tangent /
function. -3 l

4 l

-5

|

Checkpoint 4.48

a What happens to the angle of inclination « of a line as its slope increases
from 0 toward oo?

b What happens to the angle of inclination « of a line as its slope decreases
through negative values from 0 toward —oo?

Answer.
a The angle increases from 0° toward 90°.

b The angle decreases from 180° toward 90°
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Sinusoidal Functions

Many interesting functions have graphs shaped like sines or cosines, even though
they may not be functions of angles.

Example 4.49 Imagine a grandfather clock. As the minute hand sweeps
around, the height of its tip changes with time. Which of the graphs shown
below best represents the height of the tip of the minute hand as a function of
time?

h h h
a. b. C.

Solution. Figure (a) is not the graph of a function at all: It does not pass
the vertical line test. That is, some values of ¢, such as t = 0, correspond to
more than one value of A, which is not possible in the graph of a function.

Figure (b) shows the height of the minute hand varying between a maximum
and minimum value. The height decreases at a constant rate (the graph is
straight and the slope is constant) until the minimum is reached, and then
increases at a constant rate.

But notice that during the 10 minutes from 12:10
to 12:20 the height of the minute hand decreases

about half the diameter of the clock, while from 1 diameter
12:20 to 12:30 the height decreases only about

a quarter of the diameter of the clock, as shown 1 diameter
at right.

Thus the height of the minute hand does not decrease at a constant rate.

Figure (c) is the best choice. The graph is curved because the slopes are
not constant. The graph is steep when the height is changing rapidly, and
the graph is nearly horizontal when the height is changing slowly. The height
changes slowly near the hour and the half-hour, and more rapidly near the
quarter-hours. O

Checkpoint 4.50 As the moon revolves around the earth, the percent of the
disk that we see varies sinusoidally with a period of approximately 30 days.
There are eight phases, starting with the new moon, when the moon’s disk is
dark, followed by waxing crescent, first quarter, waxing gibbous, full moon,
waning gibbous, last quarter, and waning crescent. Which graph best represents
the phases of the moon?

a y
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30
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=
|~

0 50 100

Answer. (b)

Example 4.51 The table shows the number of hours of daylight in Glasgow,
Scotland on the first of each month.

Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
Daylight Hours | 7.1 | 8.7 | 10.7 | 13.1 | 15.3 | 17.2 | 175 | 16.7 | 13.8 | 11.5 | 9.2 | 7.5

a Sketch a sinusoidal graph of daylight hours as a function of time, with
t =1 in January.

b Estimate the period, amplitude, and midline of the graph.
Solution.

a Plot the data points and fit a sinusoidal curve by eye, as shown below.

)

20
A P
10 1( //
1 2 1[ ‘\ 4/
AN
— j Sy
t
4 8 12 16

b The period of the graph is 12 months. The midline is approximately
y = 12.25, and the amplitude is approximately 5.25.

O

Checkpoint 4.52 The figure shows the number of daylight hours in Jack-
sonville, Florida, in Anchorage, Alaska, at the Arctic Circle, and at the Equator.
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Hours of daylight Hours of daylight
24 24
18 18
12 12

(=)}
(=)}

0 0
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
a Which graph corresponds to each location?

b What are the maxium and minimum number of daylight hours in Jack-
sonville?

¢ For how long are there 24 hours of daylight per day at the Arctic Circle?

Answer.

a From top to bottom in January: Equator, Jacksonville, Anchorage, Arctic
Circle

b 14 hours and 10 hours

¢ Four months

Other Periodic Functions

There are other periodic functions besides sinusoidal functions. Any function
that repeats a pattern at intervals of fixed length is periodic.

Periodic Function.

The function y = f(z) is periodic if there is a smallest value of p
such that

f(x+p) = f(z)

for all . The constant p is called the period of the function.

Example 4.53 Which of the functions shown below are periodic? If the
function is periodic, give its period.

Y ) Y
HEE |
4 \mm { 8 1
X X
L ré?&\:’ 36 ::/5%\:7 0 -3 \) - 2
Qi (EE R R A
x
g LTIy VI 1Y \ r— s
(a) (b) (c)
Solution.

a This graph is periodic with period 360.

b This graph is not periodic.
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¢ This graph is periodic with period 8.

|

Checkpoint 4.54 Which of the functions shown below are periodic? If the
function is periodic, give its period.

WN/\« [ ”MM/w AVATIR Y

12 34
(a) (c)
Answer.
a Period: 2 b Period: 3 ¢ Not periodic

Example 4.55 A patient receives regular doses of medication to maintain a
certain level of the drug in his body. After each dose, the patient’s body elimi-
nates a certain percent of the medication before the next dose is administered.
The graph shows the amount of the drug, in milliliters, in the patient’s body as
a function of time in hours.

60
50
g0 NN NN N
\\ \\ \\ \\ \\
30
20
4 8 12 16 20

a How much of the medication is administered with each dose?
b How often is the medication administered?

¢ What percent of the drug is eliminated from the body between doses?

Solution.

a The medication level increase from 30 ml to 50 ml at each cycle of the
graph, so 20 ml of medication are administerd at each dose.

b The medication level peaks sharply evey four hours, when each new dose
is administered.

2
¢ The medication level declines by 20 ml between doses, or 5—8 =04, or
40%

O

Checkpoint 4.56 You are sitting on your front porch late one evening, and
you see a light coming down the road tracing out the path shown below, with
distances in inches. You realize that you are seeing a bicycle light, fixed to the
front wheel of the bike.
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24

16

/ \ / \ [/ \ / \
/ \ [ \ [/ \ / \
/ \ \ \ \
| \ ] \ \/ \
| \/ i \/ \

50 100 150 200 250 300
a Approximately what is the period of the graph?
b How far above the ground is the light?

¢ What is the diameter of the bicycle wheel?

Answer.
a 75 in b 4in ¢ 24 in
Review the following skills you will need for this section.

Algebra Refresher 4.6

Sketch the graph. Give the equations of any vertical or horizontal asymptotes.

fe) = L@ =
2g(x)=xi3 5G(m):2x:1
3h(x):x21_1 GF(x)szl

Algebra Refresher Answers
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Section 4.3 Summary
Vocabulary
e Angle of Inclina- o Bearings e Period
tion
o Unit Circle e Periodic
Concepts

1 To solve an equation of the form sin(d) = k, or cos(6) = k, or tan(f) = k,
we can use the appropriate inverse trig key on a calculator to find one
solution (or a coterminal angle.) We use reference angles to find a second
solution between 0° and 360°.

Angles in a Unit Circle.

Let P be a point on a unit circle determined by the terminal
side of an angle 6 in standard position. Then the coordinates (z,y)
of P are given by

x = cos(h), y = sin(6)
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Coordinates.

If point P is located at a distance r from the origin in the direc-
tion specified by angle 6 in standard position, then the coordinates
of P are

x=rcos(d) and y=rsin(d)

4 Navigational directions for ships and planes are sometimes given as
bearings, which are angles measured clockwise from north.

5
Angle of Inclination.

The angle of inclination of a line is the angle o measured in
the positive direction from the positive z-axis to the line. If the
slope of the line is m, then

tana =m
where 0° < o < 180°.
6
Periodic Function.

The function y = f(z) is periodic if there is a smallest value

of p such that
flz+p) = f(z)
for all . The constant p is called the period of the function.

Study Questions

1 If the angle of inclination of a line is greater than 45°, what can you say
about its slope?

2 Sketch two examples of a function with period 8: one that is sinusoidal,
and one that is not.

3 Explain why the coordinates of points on a unit circle are given by the
cosine and sine of an angle in standard position.

4 How are bearings measured?

Skills
1 Solve trigonometric equations, graphically and algebraically #1-20
2 Find coordinates of points on circles #21-36
3 Use bearings to determine position #37-42
4 Find and use the angle of inclination of a line #43-50
5 Identify periodic functions and give their periods #51-54
6 Sketch periodic functions #55-58
7 Sketch graphs to model sinusoidal functions #59-68

8 Analyze periodic graphs #69-7
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Homework 4.3

Exercise Group. For Problems 1-8, use the graphs to estimate the solutions
to the equations. Show your work on the graph.

y = sin(0)
1
/ N,
/ \,
/ N\
/ AN
0
40-—-80-—120--160--R00--240--280-1-320-,860
N\ /
\ /
AN /
N /
1
y = cos(0)
1
N /
AN /
\\ //
\ / )
N\ /-
4077807\120771()0772 077240/72807732077360
\\ //
N /
N /
1
1. sinf=0.6 2. sinf =-0.8 3. cosf =0.3
4. cosf =-04 5. sinf=-02 6. sinf=1.2
7. cosf=-09 8. cosf=-1.1

Exercise Group. For Problems 9-14, find all solutions between 0° and 360°.
Round to the nearest degree.

9. tan(f) = 8.1443 10. sin(6) = 0.7880
11. cos(f) = 0.9205 12. tan(f) = —3.4874
13. sin(8) = —0.9962 14. cos(8) = —0.0349

Exercise Group. For Problems 15-20, find exact values for all solutions
between 0° and 360°.

15. cos() = — cos(24°) 16. tan(f) = —tan(9°)
17. sin(f) = —sin(66°) 18. cos(f) = — cos(78°)
19. tan(f) = —tan(31°) 20. sin(f) = —sin(42°)

Exercise Group. For Problems 21-24,

a Use a calculator to find the coordinates of the point P. Round to
hundredths.

b Find the coordinates of the point @) on the circle of radius 2.
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Exercise Group. For Problems 25-30, find exact values for the coordinates
of the point.

25. 26. 27.

R

28. 29. 30.

15
150° 120°
330°

Exercise Group. For Problems 31-36, find the coordinates of the point,
rounded to hundredths.
31.

=}
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34. 35. 36.

Exercise Group. For Problems 37-41, a ship sails from the seaport on the
given bearing for the given distance.

a Make a sketch showing the ship’s current location relative to the seaport.
b How far east or west of the seaport is the ship’s present location? How
far north or south?

37. 36°, 26 miles 38. 124°, 80 km 39. 230°, 120 km
40. 318°, 75 miles 41. 285°, 32 km 42. 192°, 260 miles

Exercise Group. For Problems 43-46,find the angle of inclination of the
line.

5 2
43. yzix—3 44. y:6+§x
3 -7
45. y:—Q—gx 46. y:7x+1

Exercise Group. For Problems 47-50, find an equation for the line passing
through the given point with angle of inclination a.

47. (3,-5), a = 28° 48. (-2,6), a =67°
49. (—8,12), o =112° 50. (—4,—1), o= 154°

Exercise Group. Which of the graphs in Problems Problems 51-54 are
periodic? If the graph is periodic, give its period.

51. 52.
2
i
-1
i)

53. 54.
3 12
2 8

!
4
4 8 12

6 12 18 24

Exercise Group. For Problems 55-58, sketch a periodic function that models
the situation.
55. At a ski slope, the lift chairs take 5 minutes to travel from the bottom,
at an elevation of 3000 feet, to the top, at elevation 4000 